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Abstract

The Turing degree of a real number z is defined as the Turing degree of its
binary expansion. This definition is quite natural and robust. In this paper
we discuss some basic degree properties of semi-computable and weakly com-
putable real numbers introduced by Weihrauch and Zheng [19]. Among others
we show that, there are two real numbers of c.e. binary expansions such that
their difference does not have an w.c.e. Turing degree.

1 Introduction

For simplicity, we consider only real numbers in the unit interval [0; 1]. For any such
real number z € [0; 1], there is a set A C NT such that z = z4 := ", 4, 27", The set
A consists of all 1-positions in the binary expansion of x. If we choose the finite set A
to correspond to rational x, then this correspondence is even one-to-one. Naturally,
the set A can be called a binary set of the number x4 and the real number x4 is
called a binary real number of the set A. According to Turing [1§], a real number z
is computable if 2 has a computable decimal expansion, i.e., z = Y. f(i)- 10~ for
a computable function f : N — {0,1,2---,9}. The computability of real numbers
is in fact independent of their representations as observed by Robinson [13]. In
other words, x is computable, if and only if z has a computable Dedekind cut
L, :={r € Q:r < z}, if and only if the binary set of = is recursive and if and
only if there is a computable sequence (z5) of rational numbers which converges to
x effectively in the sense that |x — zs| < 279 for any s € N. A relativization of this
observation implies immediately that the decimal expansion, the binary expansion,
the effectively convergent Cauchy representation and the Dedekind cut of a real
number are Turing equivalent. More precisely, we have the following proposition.

Proposition 1.1 For any real number z € [0; 1], the following functions are equiv-
alent under the Turing reduction:

1. f1 : N —{0,1} is the binary expansion of z, i.e., v =Y o0 f1(i) - 27%;
2. fF N — {0,1,... k — 1} is the base-k expansion of x for k > 2, i.e., x =
Z?io fQ(Z) ' k"_l;'

3. f3: N — Q is a (fast) Cauchy representation of x, i.e., lim; . f3(i) = z and
(Vi € N) (|f3(1) — fa(i +1)| <27°);



4. fa: N — Q is a nested interval sequence representation of x in the sense that
(Vl S N)(f4(21) <z < f4(2i + 1) and lim; ’f4(27,) — f4(2i + 1)‘ =0.

5. f6 : Q — {0,1} is the characteristic function of the Dedekind cut of x, i.e.,
fo(r) =1 1ifr <z and fs(r) = 0 otherwise for any r € Q.

From this observation, we can naturally define the Turing reducibility on real
numbers as follows. A real number x 4 is Turing reducible to zp (denoted by x4 <rp
xp) if A <p B. xis Turing equivalent to y (denoted by x =p y) if x <p y & y <p x.
Accordingly, the Turing degree degp(x) of a real number z is the class of real numbers
which are Turing equivalent to z, i.e., degp(z) := {y € R: z =p y} (see also [21] [5]).
Because of the corresponding between the set A and the real number x4, we do
not distinguish the degrees degr(z4) and degp(A) explicitly in this paper. This
should not cause confusion from the context. Moreover, a real number x4 is called
B-computable if A <p B. If B is of the Turing degree b (i.e., B € b), then x 4 is also
called b-computable. In this way, all the notions and results in classical recursion
theory about Turing degrees of subsets of natural numbers can be transferred to that
of the real numbers straightforwardly. For example, by definition, a real number x is
computable iff it has the computable degree, i.e., degy(z) = 0. Similar to the Limit
Lemma of Shoenfield [15] for A subsets of natural numbers, Ho [9] shows that, for
any real number z, z is 0’-computable if and only if there is a computable sequence
(zs) of rational numbers which converges to x.

In this paper we are interested mainly in the Turing degrees of the 0’-computable
real numbers. By Ho’s observation, a real number z is 0’-computable iff it is the
limit of a computable sequence of rational numbers. For this reason, 0’-computable
real numbers are called computably approximable (c.a. for short). A lot of sub-
classes of c.a. real numbers are investigated in literature [I} 12} 19, 20]. First, as
mentioned above, a real number x is computable if there is a computable sequence
(zs) which converges to = effectively. x is called left (right) computable if there
is an increasing (decreasing) computable sequence (zs) of rational numbers which
converges to z. Left and right computable real numbers are call semi-computable.
x is called weakly computable if there are left computable real numbers y, z such
that x = y — z. The classes of computable, left computable, right computable,
semi-computable, weakly computable and computably approximable real numbers
are denoted by EC,LC,RC,SC, WC and CA, respectively. We summarize the
most important properties about these classes as the following theorem.

Theorem 1.2 (Ambos-Spies, Weihrauch and Zheng [1I] and Ho [9])
For any real number x,

1. x is left computable iff —x is right computable;

2. x is left computable iff the left Dedekind cut Ly := {r € Q: r < x} is a c.e.
set.

3. x is weakly computable if and only if there is a computable sequence (x)
of rational numbers which converges weakly effectively to x in the sense that
Yien |Ts — zsy1| < ¢ for some constant c.

4. x is computably approximable iff x is 0'-computable;



5. The classes EC,WC and CA are closed under the arithmetical operations
and hence are closed field;

6. The following relations hold:

LC
R 2SC=LCNRCEWCGCA

EC=LCNRCG

Because of the item 2 of Theorem left computable real numbers are also
called computably enumerable by some authors (e.g., [4, 2]). In the following, we
will discuss the degree properties of real numbers from above classes. Especially, we
are interested in the computable enumerability and w-computable enumerability of
real numbers. Let us recall the definition of the w-computable enumerability of a
subset of N at first.

For any finite set ¥ C N, we define its canonical index i by ¢ := Z]EE 277, A
finite set with canonical index ¢ is denoted by D;. A sequence (E,,) of finite subsets
of N is called computable if there is a computable function f : N — N such that
En = Dy for all n € N. In the following, AAB := (A\ B) U (B \ A) is the
symmetrical difference of sets A and B.

Definition 1.3 (Putnam [11I], Gold [8] and Ershov [7]) Let h : N — N be any
function. A set A C N is called h.c.e. if there is a computable sequence (A4;) of
finite subsets of N such that 4o =0, (Vn e N)([{s e N:n € A1 A A} < h(n))
and A = limg_, As. The sequence (A;) is called an effective h-enumeration of A.

For the constant function h(n) = k and the computable function h, h.c.e. set is
called k.c.e. and w.c.e., respectively.

So, in particular, the empty set () is the only 0.c.e. set and the l.c.e. sets are
exactly the c.e. sets. But for convenience, computable sets are also called 0.c.e.
The 2.c.e. sets are usually called d.c.e. because they are the differences of two c.e.
sets. Namely, A is 2.c.e. iff A = B\C for some c.e. sets B and C. Similarly, A is
(k+1).ce. iff A = B\C for some c.e. set B and k.c.e. set C. A Turing degree is
called k.c.e. (or w.c.e.) if it contains at least one k.c.e. (or w.c.e.) set.

In recursion theory, c.e. degrees and w.c.e. degrees have been widely discussed
([I'7, B, 10]). For the real numbers of c.e. degrees, Dunlop and Pour-El [5] have
shown an interesting characterization as follows.

Theorem 1.4 A real number x has a c.e. degree a iff there is a computable sequence
(zs) of rational numbers which converges to x with an a-computable modulus m :
N — N such that (Vs,n € N)(s > m(n) = |z — zs| <277).

As a consequence, if a 0’-computable real number x has a non-c.e. degree a,
then any computable sequence (xs) of rational numbers which converges to x has
only the modulus whose degree is strictly bigger than a. On the other hand, the
following proposition hold obviously.

Proposition 1.5 1. Any semi-computable real number has a c.e. degree.

2. Any c.e. degree contains at least one left computable real number.



Proof. 1. Let x be a left-computable real number. Then there is an increasing
computable sequence (x5) of rational numbers which converges to x. The c.e. set
L C Qdefined by L :={re€Q:(3In € N)(r < z,)} is in fact the left Dedekind cut of
x. By Proposition x has a c.e. degree degp(L). Similarly, any right computable
real number has a co-c.e. left Dedekind cut and has a c.e. degree too.

2. Let a be a c.e. degree. There is a c.e. set A € a. Obviously, 4 is a left
computable real number. O

Notice that, if we consider the binary expansion of a real number, the item 1 of
Proposition seems not so trivial, because Jockusch (see [16]) has observed that
not every left computable real number has a c.e. binary representation. And in
general, it can only be shown that, if x4 is a left computable real number, then A
is a h.c.e. set for h(n) := 2" (see [16]). On the other hand, by Cooper [3], there
are even d.c.e. set which does not have a c.e. degree and thus this does not imply
directly that A is of a c.e. degree.

However, the binary expansions of real numbers will be very useful to answer
the question whether each real number of c.e. Turing degree is semi-computable or
weakly computable. In this case we apply the following interesting observation about
the binary expansions of semi-computable and weakly computable real numbers. Let
C denote the complement of the set C' and “A @ B” the join of subsets A, B C N
defined by A@ B:={2n:ne A} U{2n+1:n € B}.

Theorem 1.6 (Ambos-Spies, Weihrauch and Zheng [1])

1. If B,C C N are Turing incomparable c.e. sets, i.e., B £p C & C £Lrp C, then
the real number x g = is not semi-computable.

2. For any set A C N, if the real number x 4q¢ is weakly computable, then A is
h.c.e. for h(n) = 23".

Notice that every c.e. degree contains a semi-computable real number by Propo-
sition [I.5]2. But the next theorem shows that any non-computable c.e. degree con-
tains also a non-semi-computable real number. Therefore, every non-computable
c.e. degree contains both semi-computable and non-semi-computable real numbers.

Theorem 1.7 For any non-computable c.e. Turing degree a, there is a set A € a
such that x 4 is weakly computable but not semi-computable.

Proof. Let a be a non-computable c.e. degree. By Sacks’ Splitting Theorem [14]
there exist two incomparable c.e. degrees bg, by such that a = bg Ub;. Choose two
c.e. sets By € bg and By € by and define set A =: By @ By. Then, degy(A) =
degr(Bo® B1) = degp(Bo)Udegp(B1) = bgUb;y = a. Furthermore, A is a d.r.e set,
because A = Cp\ C} for Cy := 2By U (2N + 1) and Cy := 2B; + 1. This implies that
rA = xc, — Tc, and hence x4 is weakly computable of c.e. degree a. On the other
hand, 24 is not semi-computable by Theorem [I.6]1, since By and B; are Turing
incomparable. [l

For weakly computable real numbers, we can show that not every real number
of c.e. degree is weakly computable.

Theorem 1.8 There is a real number of c.e. degree which is not weakly computable.



Proof. By Theorem [1.6]2, it suffices to show that there is a subset A C N of
c.e. degree such that A is not w.c.e.

By Hierarchy Theorem of Ershov [6], there is a AY-set B C N which is not w.c.e.
Let A := B® K where K is the halting problem. Then A is obviously not w.c.e. too.
Since A® () =p A =7 K, the real number z 44 has the c.e. degree 0’. However, by
Theorem 2 T Aqp is not weakly computable. (Il

2 Main Result

In this section we will show our main result that not every weakly computable real
number is of c.e. Turing degree. In fact we show a stronger result that there are real
numbers x, y of c.e. binary expansions such that their difference x —y dose not have
an w.c.e. degree. The proof is a sophisticated finite injury priority construction. In
this proof, we will use the following kinds of the restriction of a subset of N:

Aln:={zeAd:z<n}; Aln={xe€A:z>n};
Al (mym):={ze€A:n<z<m} Al[nym):={zreA:n<x<m}.

The proof of our main theorem applies the following technical lemma which is
not difficult to prove.

Lemma 2.1 Let A, B,C C N be finite sets such that x4 = rp — xc and n,m and
y be any natural numbers. Then the following hold.

1. max A <max(BUC);
2.If Bln=C|n, thenmaxA<n andn € A < n € B\C,

3. Ifn,m € B\C, n <y <m and (B | (n;m))\{y} = (C | (n;m))\{y}, then
n¢ A <— yeC\B;

4. If ta, = xp, — ¢y, (BUC) [ (n+1) = (B1UC1) | (n+1) and n € B\C,
then A n= A1 [n.

5. Suppose that m <y <n, n € A.

(5.a) If me A, xa, =24 —2"Y and A (m;n) =0,
then Ay == (A\{mp)u{m+1,m+2,... y}.

(5.0) If mg A, xa, =x4+2"Y and A (m;n)={m+1,m+2,... y}, then
Ay = (Au{mP)\{m+1,...,y}.

Let’s now recall some standard notations of recursion theory (see [I7, [10] for
details). Let (M)cen be an effective enumeration of all Turing machines (with ora-
cle A) and (¢4).cn be the corresponding effective enumeration of all A-computable
functions from N to N where gof :C N — N is the function computed by the e-th

Turing machine M with oracle A. goés is the s-th approximation of ¢! defined by

A (z) = Y if e, 2,y < s and M2 (z) outputs y in s steps;
Pe,s 11 otherwise.



The use-function ués(x) of the computation M(x) is defined by

minimal ¢ if goés(a:) | and only part A | ¢ of the
ult (z) = oracle is used in the computation;
0 otherwise.

The use-function records the length of the initial segment of the oracle which
is really used in a computation. It is important to note that, if ués(x) = t, and
At = B [ t, then the computations of M2 (x) and M (z) are completely the same.
Obviously, we have always ués(x) < s. This is a very useful estimation because
we need only to preserve simply the initial segment A | s so that the computation
M, és(x) will not be destroyed. As the partial computable functionals, M/ (x) is often
denoted by uppercase Greek letters I'; A, A, etc. and the corresponding lowercase
Greek letters v, §, A are their use-functions, respectively. To simplify the notation,
instead of pointing out the subscript s, we will often use the expression like T (z) |
v(x)[s] to denote the current value of this expression I (z) | y(x) at the stage s.
We usually do not distinguish between a subset of N and its characteristic function.
That is, we have always that 1 € A <= A(z)=landz ¢ A < A(z) =0.

Theorem 2.2 There are c.e. sets B,C C N such that the set A which satisfies
A =1xp — xc does not have an w.c.e. Turing degree.

Proof. We will construct the computable sequences (As), (Bs) and (Cs) of finite
subsets of N which satisfy the following conditions:

1. x4, =B, —xc, forall n € N;

2. The limits A := lim,, oo Ay, B := lim,,_.o B, and C := lim,,_,», C,, exist and
rA = xp — xc holds;

3. (Bs) and (Cs) are the computable enumerations of the c.e. sets B and C,
respectively. Hence x4 is weakly computable.

4. The degree degr(A) is not w.c.e.

To satisfy the third condition, we will define the finite sets Bs41 and Csyq at
stage s + 1 in such a way that B; C Bsy1 and Cy C Csy1 and define Ag4q by
TA,, = TB,,, — TC,,,- This satisfies automatically the first and second conditions
too. For the fourth condition, it suffices to satisfy, for all w.c.e. set V, partial
computable functionals I' and A, the following requirements:

Ryra @ A#TV or V #£ AN

From an effective enumerations of all w.c.e. setsﬂ and all partial computable
functionals, these requirements can also be effectively enumerated as (R.). All

"We do not really have an effective enumeration of all w.c.e. sets. For our proof it suffices to
consider the effective enumeration ((Vi s)sen, ¢;)i,jen of all computable sequences (V; s)sen of finite
subsets V; s C N and partial computable functions ;. As long as the condition |[{t < s : n €
Vit AVi i1} < ;s is not destroyed at stage s, we treat (V; s)sen as an w-enumeration. Otherwise,
we can simply ignore the pair (Vi s)sen, ;). However, the technical details related to this are
omitted in our proof for the simplicity.



requirements are given different priorities according to this enumeration. That is,
R; is of the higher priority than R; if and only if i < j.

The strategy for satisfying a single requirement Ry a is as follows:

We choose an « € N and a y > max{z, éy(z)[s]}. By putting y into B or C' it is
possible to force = to enter or leave A because of x4 = xp — x¢. The purpose of x
is to witness the requirement R in the way that A(x) # TV (z) or V(z) # A%(x).
To this end, we consider the following phases.

Phase 1: z,y ¢ AUBUC. We wait for the stage s such that:

As(x) =TV (2)[s] & V [ y(2)[s] = A" [ y(x)[s]. (1)

(if this never happens, then x witnesses the requirement Ry a already.) Define
Bsy1 := Bs U {x}, Csy1 := Cs and then enter phase 2. It can be shown that
Agi1 = AgU {z}. This implies that A q(z) # Ag(x) = TV (2)[s].

Phase 2: x € A and y ¢ BUC. We wait for some new stage s’ > s such that

Ag (@) =TV (@)[s] & V [ y(2)[s'] = A | 5(2)[s'). (2)

(if this never happens, then z is also a witness of the requirement Ry a.) In this
case, we hope to remove x from A to force the initial segment V | v(x)[s'] to be
changed if this condition is satisfied later again. This can be achieved by putting y
into C, i.e., define By 1 := By, Cy11 := Cy U{y}. Then go into phase 3.

Phase 3: 2 ¢ A and y € C'\ B. We wait for some new stage s” > s’ such that

Agi() =TV (2)[s"] & V T y(@)[s") = AN | y(a)[s"]. 3)

(if this never happens, then z is a witness of Ry A again.) In this case we hope to
put z into A again. To achieve this, we put y into B. Namely, we define By :=
By U{y}, Cynyq := Cyr. Now the supplementary element y is used two times and
y € BUC. We choose a new supplementary element y := y + 1 (this new y is not
in BUC) and go to phase 2.

Notice that, if we go from phase X to phase Y, then A(x), hence also V' | v(x)
has to be changed. But if we go from phase Y back to phase X later, A | (x) is
recovered to that of last appearance of phase X. So, the initial segment AA17() |
~(x), hence also the initial segment V' [ y(z), is recovered. This can happen at most
finitely often, because V is an w.c.e. set. Therefore, after some stages, or will
never hold again. Thus the requirement Ry a is finally satisfied by the witness x.

To satisfy all the requirements, we apply the finite injury priority construction. A
witness z. and a supplementary element y. (> x.) are appointed to the requirement
R, at any stage. Whenever an action for R, appears, all requirements R; with ¢ > e
will be initialized by redefining the witnesses x; and supplementary elements y; of R;
such that they are bigger than all elements enumerated into B and C so far and also
bigger than the §v(z.) to preserve the computations of A% 167(2) ~v(x.) from the
injury by lower priority requirements. Furthermore, we build a “firewall” between
the supplementary elements y. of R, and the witness x; of R; for i > e. Namely, we
choose a second supplementary element z. such that (Vi > e) (ye < ze < z;,¥;) and
put it into B\C.

Here is the formal construction:

Stage 0: Let A[0] = B[0] = C[0] := 0, x.[0] := 3e + 1, 4[0] := 3e + 2 and
2¢[0] := 3e + 3 for any e € N. In this case, we say that all requirements R, is
initialized.



Stage s + 1: Given Als], Bls],C[s], zels], vels] and z[s] for all e € N. For
some w.c.e. set V, and partial computable functionals I' and A, the requirement
R. (= Ryr.a) requires attention if the following condition holds:

A(ze)ls] = DV (2)[s] & V 1 y(we)[s] = AMYED) T () [s). (4)

If no requirement requires attention, then go directly to the next stage. Oth-
erwise, let Re(= Ryr,) be the requirement of highest priority which requires at-
tention. Then we consider the following cases where in each case we define always
Te[s + 1] := x¢[s] and define A[s + 1] by T g[s41] = TB[s41] — TC[s+1]-

Case 1. z.[s] € Bls].

This means that R, received no attention after it was initialized last time at, say,
stage sg. Between stage sy and stage s, only the requirements, if any, with lower
priority than R, could have received attention. Hence only the elements bigger than
ze can be changed their memberships to A, B and C. Thus, we have in this case
that z.[s] ¢ As U Bs U Cs. Now we hope to put z.[s] into A and at the same time
remove all elements bigger that z.[s] from A so that we can control the membership
of z.[s] to A by putting some (bigger) supplementary elements into C' or B. For
this purpose, we put z.[s] into B (but not into C') and all elements of B[s] U C|s]
which are bigger that x.[s] into both B and C. Namely, we define

{B[s+1] = Bls] U {ze[s], ze[s + 1]} U (C[s] | zcls]); (5)
Cls+1] = C[s]U(Bl[s] | ze[s]).

where the supplementary elements y.[s 4+ 1] and z.[s + 1] are defined by

Ye[s +1] = max{x.[s], dvy(ze)[s], max(B[s] U C[s])} + 1; (©)
Ze[s+1] = wye[s+ 1]+ g(ze)[s] +1
and g(z¢)[s] = Z:(%e)[s] h(i) for the computable function h such that V is h.c.e.

Then we have T, < ye < 2e, Te € A, ze € B\ C and y. ¢ BUC. Later, we can
switch the membership of x. to A by putting the supplementary element y,. into C
or into B while preserve the segment (A [ dy(x.))\{ze}. Every such supplementary
element y. can be used at most two times, i.e., put it into C' at some stage and
put it into B later. After that, a new supplementary element has to be defined,
i.e., Ye := ye + 1. Since the initial segment V' | y(z¢)[s] can be recovered at most
g(x.)[s] times, it suffices to reserve the interval [y.[s + 1]; z¢[s + 1]) for the possible
new candidates of ye.

To prevent the action for R, being injured by other requirements of lower priority,
all requirements R; for ¢ < e are initialized by

zils+1] = zes+1]+3i+1;
yils+1] = ze[s+1]+3i+2; (7)
zils+1] = z[s+1]+3i+3.

In summary, we have now x.[s], ze[s + 1] € B[s + 1], z¢[s] € A[s + 1] and

Te[s] = xe[s + 1] < max{dvy(xe)[s], max(BUC[s])} < yels + 1]
< Ye[s+ 1]+ g(xe)[s] < ze[s + 1] < xi[s + 1] < yi[s + 1] < zi[s + 1],

for all ¢ > e. (This case corresponds to the first phase above.)



Case 2. z.[s] € BJs].

This means that R, received already attention at least once after it was initialized
last time. We consider the following four possibilities:

Case 2.1. z.[s] € A[s] & ye[s] € Bls].

In this case, the current supplementary element y.[s] is not yet used and hence
not in (B U C)[s]. Then we put y. into C, i.e., we define

B[s+ 1] := B[s] & C[s + 1] := C[s] U {ye]s]}. (8)

Thus we have z.[s] ¢ A[s] again. This case corresponds to the second phase.

Case 2.2. z.[s] € Als] & ye[s] € C]s].

Here z.[s| € As means that if a supplementary element ¥, is put into C, then it
must be put into B too. In this situation, a new supplementary element is defined
which is still not in C' (see case 2.3.) So this case can not happen in fact.

Case 2.3. z.[s] € A[s] & ye[s] € C[s].

In this case, y.[s] is already put into C' but not yet enumerated into B. We need
only put y.[s] into B to force z. enter A again. Since y. € B U C now, we have to
define a new supplementary element y.. That is, we define

{ B[s+ 1] := B[s] U {ye[s]} & C[s + 1] := C[s]; (9)

Ye[s + 1] := ye[s] + 1 & ze[s + 1] := z¢[s].

This corresponds to the third phase.

Case 2.4. z.[s] & Als] & ye[s] & Cs].

This can in fact never happen. So we do nothing in this case.

In all these cases, any requirement R; of lower priority than R, (i.e., i > e) are
initialized by the definition . Any other parameters which not mentioned above
remain the same as that of stage s. If the requirements R; (i > e) has received
attention before stage s + 1 and was not yet been initialized thereafter, then it is
injured at this stage by the requirement R, and the requirement R, receives attention
at this stage.

This ends of the construction. Now we show that our construction succeeds by
proving the following sublemmas.

Sublemma 2.2.1 The limits B := lims_,o B[s| and C = lims_,o C[s] ezist and
the sets B and C are c.e.

Proof. In the construction we only put some elements into B or C' and never remove
them. That is B[s] C B[s+ 1] and C[s] C C[s + 1] hold for all s € N. So the limits
B = Jyen Bls] = lims.o0 B[s] and C := [J,y C[s] = lims_oo C[s] exist and they
are c.e. sets.

Sublemma 2.2.2 For any e € N, the requirement R, requires and receives attention
finitely often.

Proof. We prove the assertion by induction on e € N. Assume by the induction
hypothesis that the assertion is true for all ¢ < e. Then there is a minimal sy such
that all requirements R; (i < e) require no attention any more after stage sg. By
the minimality of sg, all requirements R; are initialized at the stage sy and the
requirement R, will never be initialized again after stage sg.



We call a stage s e-stage if R, receives attention at the stage s. Denote by S,
the set of all e-stages after stage s, i.e.,

Se :={s > sp : R, receives attention at stage s}.

Suppose that S, is enumerated increasingly as S, = {s1, s2, s3,...}. We will show
that S, is finite. To this end, we prove the following four claims.

Claim 1. For any s € N, the following hold:

(a) xi[s] < wils] < zls] < xiy1[s] and x;[s], yi[s], zi[s] are all nondecreasing for s,
for any i € N;

(b) s> 50 = ze[s| = ze[s0);
(c) s € [s0;81) = xe[s], yels], zels] € (AU BUC)]s];
(d) s> 81 = ze[s] = ze[s1] & xe[s], ze[s] € (B\C)|[s];

Then, we can denote the limits simply by z. := lims o0 Ze[s] = x[sp] and 2z, :=
limg_ o0 2e[s] = 2[s0].

Proof of Claim 1. Part (a) follows immediately from the construction.

Part (b) is easy to prove. A witness z; will be redefined only if the corresponding
requirement R; is initialized. R, will never be initialized after stage sg, so we have
(Vs > s0)(wels] = we[so])-

For (c), suppose that s € [so; s1). By the choice of sy, R, is initialized at stage s
and x[so], Ye[S0], ze[s0] are defined according to and hence x[sol, ye[s0], ze[s0] &
(AUBUC)[so]. By (a), we have (Vt > s0)(Vi > €)(ze[s0] < Ye[s0] < ze[s0] < z;[t] <
yi[t] < z[t]). Since R, receives no attention and only R; with i > e may receive
attention at stage s, this implies that (AU B UC) | (ze + 1)[s] = (AUBUC) |
(ze + 1)[so] and that z.[s] = ze[so] & yels] = welso] and ze[s] = ze[so] for any
s € [so; s1). Hence w¢[s], ye[s], ze[s] € (AU B U C)[s] holds for any s € [so; s1).

For assertion (d), suppose that s > s;. At stage s1, R, receives attention corre-
sponding to the case 1 because x. ¢ B[s; — 1] by (c). We can separate the actions
in this case into two steps. At step one, according to the definition , all elements
in (BUC)[s; — 1] which are bigger than x.[s; — 1] are enumerated both into Bi[s1]
and Ci[s1], i.e., we have By | zc[s1) = Ci | zc[s1]. It follows from Lemma [2.1]2
that max A;[s1] < x¢[s1]. In other words, all elements which are bigger than z.[s1],
if any, are removed form A. At step two, based on Bj[s|] and C[s], the elements
z[s1] and zc[s1] are put into B[sq], hence into A[sq] by the Lemma [2.1}2, while the
supplementary element y.[s1], which satisfies that x.[s1] < ye[s1] < z¢[s1], remains
out of B[s;] and C[s;]. This concludes at first the z[s], z¢[s] € B]s| for all s > s1,
because we never remove any element from the set B in the construction. Since the
requirement R, receives no attention corresponding case 1 (because z.[s] € Bls])
and it is never initialized after stage si, we have z.[s] = z[s1] for any s > s;.
Besides, we never put z., z. into C, so we have ., z. € (B\C)][s].

Claim 2. Suppose that & < g(z¢)[s1]. Then the following hold for any s > s;.
(a) If sgk11 < 5 < sopy2, then

(al) A[S] I [xeaze) = {$e}§
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(a2) 32" > ze (2" € A[s] & A[s] | [z¢e;2") = 0);
(a3) ve[s] & (BUC)[s];
(ad) (BUC)[s] | (yels]; ze) = 0;
(a5) wels] < yels1] + k.
(b) If sop12 < s < S9k+3, then

bl) Als] | [xe,2ze) = {Te + L, xe +2,... ye[s]};
b2) 32" >z (2" € Als] & Als] | [2¢;2") = 0);

(

(

(b3) wels] € (C\B)[s];

(b4) (BUC)[s] T (yels]; ze) = 0
(b5) Yels] < ge[sa] +k+1.

Proof of Claim 2. We prove assertions (a) and (b) of the claim by induction on
s > s1 simultaneously.

For s = s1, s is the first e-stage after sg. Since z. ¢ B[s; — 1] by (c¢) of the Claim
1, the requirement R, receives attention at stage s according to the case 1. Then
the assertion (al) — (a4) follows from the definitions and () immediately.

For any s > s1, assume by the induction hypothesis that the claims (a) and (b)
hold for any ¢ with 57 <t < s. We consider the following cases:

(I) S = S9k+1, (k > O).

The stage s is an e-stage and the requirement R, receives attention at this stage.
Since z. € B[s — 1] (by (d) of the Claim 1), this corresponds to the case 2. By the
induction hypothesis for s — 1 € [sg(z—1)+2; S2(k—1)+3), (b1) — (b5) hold for s — 1 and
k — 1. From (bl) (i.e., . & Als —1]) and (b3) (i.e., ye[s — 1] € C[s — 1]), the case
2.3. applies at this stage. Namely, we put the supplementary element y.[s — 1] into
Bls] and redefine a new one by yc[s] := ye[s — 1] + 1. Then we the assertions (a3),
(ad) and (a5) follows easily from the old (a3), (b4) and (b5) (for s — 1 and k — 1).

Suppose that 2’ is the number, whose existence is guaranteed by (b2), which
satisfies the following condition:

2> 2 &€ Als—1]) & Als — 1] | [2e;2) = 0. (10)

From the construction that B[s] := B[s — 1] U {ye[s — 1]} and C[s] := C[s — 1], w
know that x4 = za[s—1) + 2vels=1] By (b1) and 1.} we have also that A[s — 1] [
(ze;2') = {xe + 1,2 +2,... ye[s — 1]}. It follows from (5.b) of the Lemma [2.1] that

Als] = (Als = 1] U{ze)\{ze + 1, 2c +2,... ye[s — 1]} (11)

This implies the assertion (al) immediately. Obviously, this 2’ satisfies the assertion
(a2) too. Then all (al) — (a5) hold for this s.

(IT) sop41 < 5 < Sop42.

Now s is not an e-stage and the requirement R, receives no attention at this
stage. If on requirement R; receives attention at this stage, then everything remains
unchanged. So (al) — (ab) hold directly by the induction hypothesis for s — 1 €
[82k+1; 32k+2)-

Suppose that there is an ¢ > e such that R; receives attention at this stage. From
(a) of the Claim 1. and the definitions — (9), this means that some elements
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which are bigger than z. may be put into B[s| or C[s] by the construction. Because
ze € B[s]\C|[s] for any s > s1 by (d) of the Claim 1, we have always that

g—zetl Z{Q*i 11>z & i€ Bls|} — 2{2*" 11>z & i€ C[s]} > 0.

ie., 277t > TB[s]|(2e—1) —TC[s]|(ze—1) > 0. There is a non-empty finite subset £ C N
such that g = Tp[g|(z.—1) — TC[s]|(2.—1)- Let 2’ be the minimal element of E. Tt is
easy to see that 2’ satisfies (a2). Because of (AUBUC)[s] | ze = (AUBUC)[s—1] | z
and ye[s] = ye[s — 1] by the construction, the assertions (al) and (a3) — (ab) holds
obviously by the induction hypothesis.

(III) S = S2k+2.

The stage s is again an e-stage and the requirement R, receives attention at this
stage. By (d) of the Claim 1, this corresponds also to the case 2.

By the induction hypothesis on s — 1 € [sag4+1; S2k+2), the assertions (al) — (ab)
hold for s — 1. Because of (al) (i.e., z. € A[s — 1]) and (a3) (i.e., ye & C[s — 1]), the
case 2.1 is applicable at stage s. That is, we put the supplementary element y,[s— 1]
into Cls] and do not change anything else. So (b3) — (b5) follow immediately from
this action and the induction hypothesis of (a3) — (ab).

Let 2z’ be the number which satisfies (a2), i.e., the condition is satisfied
correspondingly. Obviously, 2z’ satisfies (b2) too. Furthermore, because y.[s] =
Ye[s — 1], Bls| = Bls—1], and C[s] = C[s — 1] U{ye[s]} by the construction, we have
TA[s] = TA[s—1] — 2-¥l5l. By (al) of the induction hypothesis and the condition ,
we have also A[s — 1] | [z¢;2") = {x.}. Tt follows from (5.a) of the Lemma [2.1| that

Als) = (Als = 1\ }) e + 1ae + 2, wels]}.

Thus (bl) is satisfied, hence all (b1) — (b5) hold.

(IV) sop42 < 8 < Sop43-

Similar to the case of (II), we can show that all (bl) — (b5) are satisfied in this
situation.

From the above proof, we see that the case 2.2 and case 2.4 are indeed not
applicable.

Claim 3. Let t := s — 1 for any £k € N and m = év(x¢)[t1]. Then the
following hold for all s > s; and k € N.
(a) A xzels] = AT zelt1];
(b) Alsaks] ['m = Alta] [ m;
(c) Alsoksa] [ m = Afto] [ m.

Proof of Claim 3. For (a). By (d) of the Claim 1, z. € (B\C)][s] for any s > s;
and z. is put into B at the stage s;. After stage s1, only the elements bigger than
Ze can be put into B or C. This can change only the membership of x. to A but
not of smaller elements. So we have always that A | z.[s] = A [ x[t1]. (A more
detail proof can be carried out by induction on s > ¢;.)

(b) and (c) follow from (a) of the claim and (al) and (bl) of the Claim 2,
respectively.

Claim 4. Let t; :=s; —1 for any ¢ > 1. Then the following hold.
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(a) V I y(@e)lts] # V T v(we)[tita] for any i > 1;
(b) Y(we)[tarr1] = v(ze)[ta] for any k € N;

(c) 0v(we)ltak+1] = 0v(we)[t1] for any k € N;

(d) V I v(ze)ltant1] =V I v(ze)[t1] for any k € N.

Proof of Claim 4. (a) If i = 2k with £ > 0. Because R, receives attention at
stage t; + 1(= s9) and at stage t;+1 + 1(= sor11), we have

V@) (2)[t:] = TV () [s9 — 1] = A(ae)[sor — 1] = 0
# 1= A(we)[sapr1 — 1] = TV (@) [so 1 — 1] = TV () 41 ].

by (4), (al) and (b1) of the Claim 2. This implies obviously that V' | y(z.)[t;] #
V f7($e)[tz+1]

For i = 2k + 1, the proof is similar.

Now we prove (b) — (d) simultaneously by induction on k € N,

The case for k = 0 is trivial.

Assume by the induction hypothesis that (b) — (d) hold for k. Consider the case
of k+ 1.

At stage tor13 + 1, Re receives attention. By the condition and (bl) of the
Claim 2, we have

TV () [tan 3] = Alwe) [tk 3] = 0 (12)
VI y(@e)[tarss] = AT | y(xe) [toks] (13)

This implies further

V[t2k+3] [ y(ze)[t1]

= (V[ v(®e)ltar+a]) [ v(ze)[t] (by v(we)[t1] < v(we)[tar+3])
= (AAPYE) |y (o) [tarrs]) [ y(we)[ta] (by (13))
(AATY@e)lbarral) |y () [t] (by y(we)[t1] < v(ze)[tar+3])

(

By (b) of Claim 3. and the fact that dv(ze)[t1] < 07v(xe)[tokr3], we obtain that
A T oy(@e)[tl] = (AT 0v(ze)ltansa]) | 9v(ze)[ta]. At stage t1, Re requires at-
tention, so the condition is satisfied for t;. Then AAIY(®e)()[t1] | for all
x < y(xe)[t1]. This means that the initial segment A[toxy3] [ dy(xe)[t1] of the above
oracle Altopys] | 0(xe)[tanrs] suffices for all the computations AA410V(ze)lt2r+s] () for
& < v(x.)[t1]. Then they are in fact same as the computations of AAOY(ze)lla](g),
respectively. From this we have continuously that:

(AAra'y(ze)[tQH?J) I v(ze)[t1]
= AAlarpsltV@)l) y(2,)[t]

= AAIYE) oy () [t] (by (b) of Claim 3.)
= V[ y(ze)t1]. (by (4) for t1)

in short, we have Vtogis] | v(ze)[ti] = V | v(xe)[t1]. This implies that the com-
putations TV 1) (z,)[taris] and TV (@) (1,)[t1] are in fact the same, because the
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initial segment V' [ «y(z¢)[t1] of the oracle V[tax+3] suffices for the first computation
and on this initial segment both computations behave completely the same. Then
their corresponding use function should be equal, i.e, y(z¢)[tor+3] = v(ze)[t1]. So (b)
holds for k 4 1. Similarly, the computations AA197(e)lt2rtsl () and AAIV ()] (g)
are also completely the same for any x < y(z.)[tor+1], respectively. This concludes
that dy[togss] = 0y[t1] and V' | y(ze)[tok+s] =V | v(x)[t1] immediately. Therefore,
(b) = (c) hold for k + 1 too, hence the claim 4 is proved.

Now we can complete the proof of Sublemma By Claim 4. we know that,
from the stage sor11 — 1 to stage sop+2 — 1, the initial segment V' [ év(x.) changes
and then it recovers to that of stage sop+1 — 1 at stage sopy3 — 1. Because V is a
h.c.e. set. There are at most g(x.) such kind of recoveries. This means that, S, can
not be infinite, i.e., after some stage, R, will never requires attention any more. So
R, requires and receives attention at most finitely often.

Sublemma 2.2.3 The limit A := limg_ ., As exists and x4 is a weakly computable
real number.

Proof. By the construction, if there is only finite many requirements receive at-
tention, then the sets B and C' are all finite. There is an s such that B; = B and
Cs=C. So A= A; for all t > s. The claim is true in this case.

Suppose that there are infinitely many requirements receives attention. For any
n € N, there is an 2, > n such that x. is put into B\C' at some stage s by the
action for the requirement R.. By Sublemma [2.2.2] we can assume that R, is never
initialized after stage s. Then by the Claim 3. of the Sublemma [2.2:2] we have
A T zc[t] = A | x[s]. So n will never change its membership to A after stage s
again, hence A := limg_. o, A exists. The second part of the Sublemma follows from
the fact that z4, = ap, — 2¢, for all s € N and Sublemma [2.2.1

Sublemma 2.2.4 For any e € N, the requirement R, is satisfied eventually.

Proof. By Sublemma R, requires and receives attention at most finitely
often. So the condition will never be satisfied again after some stage, hence the
requirement R, is eventually satisfied.

This complete the proof of the theorem. O

Corollary 2.3 1. There is a weakly computable real number which does not have
an w.c.e. Turing degree.
2. The class of real numbers which have the c.e. degrees is not closed under the
addition and subtraction.
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