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Abstract

In this paper we discuss some basic properties of computable real functions which
have bounded variations (CBV-functions for short). Especially, it is shown that
the image set of semi-computable real numbers under CBV-functions is a proper
subset of weakly computable real number class; Two applications of CBV-functions
to semi-computable real numbers produce the whole closure of semi-computable
real numbers under total computable real functions, and the image sets of semi-
computable real numbers under monotone computable functions and CBV-functions
are different.
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1 Introduction

The continuity of a real function is the most important property in analysis.
The effective counterpart of a continuous real function is the computable real
function which can be computed by a generalized Turing machine (Type-2
Turing machine, see [12,14]) based on the fast convergent Cauchy representa-
tion of real numbers. Computable real functions have been widely discussed
in effective analysis (see e.g., [4,6,5,7,14]). However, there are many problems,
especially in the applications to physical science we require more precise infor-
mation about a function than the continuity or computability. For example,
it is very useful to be able to measure how rapidly a real function f oscillates
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on some interval [a; b]. But the oscillatory character of a function is not easily
determined from its continuity or even its computability. For this reason, the
notion of variation of a function is introduced in mathematics, actually by
Camille Jordan (1838-1922). Precisely, the variation V(f)[a;b] of a function
f on the interval [a; b] is defined as the supremum sup >, |f(z;) — f(zi41)]
which is taken over all possible subdivision a = o < 11 < 9 < -+ < 2, = b of
the interval. This quantity turns out to be very useful for problems in physics,
engineering, probability theory, Fourier series, and so forth.

A function f is called of bounded variation on an interval [a; b, if V'(f)[a;b] is
finite (cf. [9]). Denote by BV][a; b] (CBV][a; b]) the class of all (computable) real
functions f : [a; b] — [0; 1] which are of bounded variation on [a; b]. Especially,
BV([0; 1] and CBV][0; 1] are denoted simply by BV and CBV, respectively. The
class BV is widely discussed in classical mathematics. In this paper, we are
more interested in the class of CBV. We will investigate, which classical prop-
erties of continuous function f € BV can be extended to that of computable
functions f € CBV. For example, let v¢(z) := V(f)[0;z] for any = € [0;1],
then the function v, is continuous if f and its differential f’ are both contin-
uous. Accordingly, we can show that vy is computable if both f and f” are
computable. On the other hand, we show that V(f)[0; 1], if it exists, is not
computable in general but left computable for a computable function f , and
SO on.

Moreover, we will discuss the closure property of several real number classes
under the functions CBV. Let F(C) := {f(z) : f € F & = € C} be the image
set, of the real number set C C R under the function class F. We will consider
the relationship between CBV(C) and C or other classes of real numbers. In
effective analysis, several interesting classes of real numbers are introduced
and investigated. For example, the classes of computable, left computable,
semi-computable, weakly computable and recursively approximable real num-
bers (see, [1,3,10,15,17]). Where a real number z is called computable if there
is a computable sequence (zg)sen of rational numbers which converges effec-
tively to x in the sense that |z — xs| < 27 for any s € N; z is left (right)
computable if there is an increasing (decreasing) computable sequence of ra-
tional numbers which converges to x; Left and right computable real numbers
are called semi-computable; x is weakly computable if there are left computable
real numbers y and z such that x = y — 2z, and x is recursively approrimable
if it is a limit of a computable sequences of rational numbers. We denote by
EC,LC,RC,SC, WC and RA the classes of computable, left computable,
right computable, semi-computable, weakly computable and recursively ap-
proximable real numbers, respectively.

Obviously, the classes EC and RA are closed under the application of func-
tions of CBV. That is, if f € CBV and x € EC (RA), then f(x) € EC (RA).
Furthermore, let f be the computable function defined by f(z) := 1 — x for



any = € [0;1]. Then f is a CBV-function which maps any left computable
real number to a right one and vice versa. Moreover, g o f € CBV if and
only if g € CBV for any computable function g. This observation implies that
CBV(LC) = CBV(RC) = CBV(SC). Similarly, for the class CTT of all com-
putable real functions f : [0;1] — [0;1], we have CTF(LC) = CTF(RC) =
CTF(SC).

In [8], it is shown that both the classes SC and WC are not closed under
CBV and that the image of a semi-computable real number under a CBV-
function is weakly computable. In other words, SC C CBV(SC) C WC and
WC C CBV(WC) hold. On the other hand, it is also shown in [8] that WC C
CTF(SC) = CTF(WC) € RA. Namely, the image sets of semi-computable
and weakly computable real numbers under total computable real functions
are the same and they locate strictly between the classes WC and RA. Two
interesting questions remain open there. Namely, whether CBV(SC) = WC?
and CBV(WC) = CTF(WC)? For the first question, we will show a negative
answer. That is, we show that CBV(SC) C WC. A positive answer for the sec-
ond question follows from a more strong results that CBV?*(SC) = CTF(SC).
This result shows that any application of a total computable real function to a
semi-computable real number can be realized by two consecutive applications
of the CBV functions to the some (possibly different) semi-computable real
number.

In next section, we remind some related notions and known results. Section
3 shows some basic properties of CBV-functions. In section 4, we show that
CBV(SC) € WC and the proof of CBV?*(SC) = CTF(SC) is given in the

last section 6.

2 Preliminaries

In this section we will recall some known results related to our new results
which will be proved in later sections. Some notions and notations will also
be explained here.

Let ¥ be any alphabet. ¥* and 3¢ is the sets of all finite strings and infinite
sequences of X, respectively. The set of all strings w € ¥* of length n is denoted
by »". For u,v € ¥*, denote by uv the concatenation of v after u. If w €
¥* U XY, then wln| denotes its n-th element. Thus, w = w[0Jw([1] - - - w[n — 1],
if |w], the length of w, is n, and w = w[0Jw([lw(2] - - -, if |w| = co. Obviously,
w(n] is defined only for n < |w|. We will say also that w[n] is undefined and
denote by w[n] =7, if n > |w|. The unique string of length 0 is denoted by
A (so-called empty string). For any finite string w € {0;1}*, and number
n < |w|, the restriction w | n is defined by (w [ n)[i] := w[i] is i < n and



(w [ n)[i] :=1, otherwise. Then the length |w | n| = n.

We denote by N, Q and R the sets of all natural, rational and real numbers,
respectively. Let I, := {m - 27" : m < 2"} be the set of all dyadic numbers
of precision n and D := J,eny Dy, is the set of all dyadic numbers both from
the interval [0;1]. [0;1]g is the set of all rational numbers = € [0;1]. For any
set A and B, f :C A — B is a partial function such that dom(f) C A
and range(f) C B, while f : A — B is a total function from A to B with
dom(f) = A and range(f) C B. For any interval I C R, we denote its length

by I(1).

The computability notions about subsets of N and number-theoretical func-
tions f :C N¥ — N are well defined and developed in the classical computabil-
ity theory (see e.g., [11,13]). Let (@c)een be an effective enumeration of all
computable functions ¢, : N — N. We can define ¢, as, say, the function com-
puted by the e-th Turing machine M, in some effective enumeration (M, )cen
of all Turing machines. We write ¢.(n) | if n € dom(¢.) and ¢.(n) T, other-
wise. Then we can define an uniformly effective approximation ¢, s of ¢, by
©e,s(n) :=m, if M,(n) halts in s steps and outputs m; and ¢, ;(n) is undefined,
otherwise. Naturally, we assume that e,n,m < s if ¢, 4(n) = m.

For any other countable set like Q , the corresponding notions of computability
can be defined accordingly by means of effective coding. For example, let
(-,-) : N> - N be a computable pairing function defined by (n,m) := (n +
m)(n +m + 1)/2 + m. Its inverse functions are denoted by m and my which
are obviously also computable. It is easy to see that, m;(n) < n for any n and
i = 1, 2. By this pairing function, we can define a coding ¢ : N — Q of rational
numbers by o((n,m)) := n/(m + 1) for any n,m € N and call a set A C Q
recursive or recursively enumerable if the set 071(A) := {n € N: o(n) € A}
is recursive or recursively enumerable, respectively. A function f:C N — Q is
computable if there is a computable function g :C N — N such that f(n) =
o o g(n) for any n € dom(c o g), and so forth. Other type of computable
function which involves rational numbers can be defined accordingly. For each
type of computable functions, we can define also an effective enumeration and
their uniformly effective approximation. Besides, we call a sequence (z)sen
of rational numbers computable if there is a computable function f: N — Q
such that x5, = f(s) for any s.

The computability of real functions can be defined by Type-2 Turing machines
of Weihrauch [12,14]. Where a type-2 Turing machine M extends the classical
Turing machine in such a way that it accepts infinite sequences as well as
finite strings as inputs and outputs. For any input p, M (p) outputs a finite
string ¢ if M (p) halts in finite steps with ¢ in its write-only output tape, while
M (p) outputs an infinite sequence ¢ means that M (p) will never halt and
keep writing the sequence ¢ on its output tape. A real function f :C R — R



is computable, if there is a type-2 Turing machine M which computes f in the
sense that, for any € dom( f) and any sequence p (of rational numbers) which
converges effectively to x, M (p) outputs a sequence ¢ (of rational numbers)
which converges effectively to f(z). From this definition, it is easy to see that
any computable function is continuous at any point in its domain.

We have mentioned several classes of (weaker) computable real numbers in
the last section. It is easy to see that, for any class C introduced there, we
have r € C <= x £ n € C for any x € R and n € N. In other words, x and
x £ n have always the same kind of effectiveness mentioned above. Therefore,
w.l.o.g., we assume that any real number discussed in this paper is in the
interval [0; 1] except for being pointed out explicitly otherwise. By the similar
reason, we consider also only the real functions f : [0; 1] — [0; 1] in this paper.

We summarize some important properties of real number classes mentioned
in the last section as follows.

Theorem 2.1 (Weihrauch and Zheng [15])

(1) The classes EC,LC,RC,SC, WC and RA are all different and have

the following relationships
EC=LCNRC CC SC=LCURC ¢ WC C RA;

(2) x € LC if and only if —x € RC;

(3) © € WC if and only if there is a computable sequence (xs)sen of rational
numbers which converges to x such that Y cn|vs — xsp1| < 1; and

(4) The classes EC, WC and RA are algebraic fields. That is, they are closed
under the arithmetic operations +, —, X and .

The closure properties of the above classes under partial computable real func-
tions are first discussed in [16]. It is shown there that all classes except EC
and RA are not closed under partial computable real functions. These results
have been extended to the cases of CTF and CBV in [8] where the divergence
bounded computability is also introduced.

Definition 2.2 (Rettinger et al. [8]) For any sequence (z5) and n € N,
the n-divergence of () is defined as the maximal m such that, for some chain
io < jo < i1 < j1 < --- < iy < Jp of natural numbers, |z, — x;,| > 27"
holds for any s < m. A real number z is called divergence bounded computable
if there is a recursive function h and a computable sequence (z;) of rational
numbers converging to x such that the n-divergence of (x;) is bounded by
h(n) for any n. The class of all divergence bounded computable real numbers
is denoted by DBC.

We summarize now some known results in next theorem.



Theorem 2.3 (Zheng [16] and Rettinger et al. [8])

(1) CPF(LC) = CPF(RC) = CPF(RA) = RA;

(2) CTF(LC) = CTF(RC) = CTF(WC) = DBC;

(3) SC C CBV(LC) = CBV(RC) = CBV(SC) C WC;
(1) WC C CBV(WC) C CTF(WC) C RA.

Since the image sets of three classes LC, RC and SC under the functions
classes CPF, CTF and CBV are the same respectively, we need will state our
results about only one of the equivalent classes later without further explana-
tion.

Next, we introduce a notion of nested interval tree which will be used to
construct some special functions.

Definition 2.4 (Rettinger et al. [8]) Let 6 : N — N T the set of all
rational intervals on [0; 1] and N} := {w € N* : ¥n < |w| (w[n] < d(n))}.

1. A §-interval tree (0-i.t., for short) on [0; 1] is a function I : Nj — I such that
I(X) = [0;1]; Yw € Nj(Ui<s(ju)) L (wi) = I(w)), and lim,,|—oo [( (ws)) = 0. For
any 0-i.t. I and w € N3, the length, left and right endpoints of I(w) are denoted
by 12, aS and b, respectively.

2. A ¢-i.t. I is called computable if there are computable functions a,b : Nj —
[0; 1]g such that a(w) := @, and b(w) := b2, for any w € Nj.

3. A 6-i.t. [ is called canonical if, for any w € Nj, the interval I(w) is divided

into subintervals I(w0), I(wl),---, I(w(d(|w]) — 1)) disjunctively and equally,
in other words,

al, =y (w[z] 1] (5(]’)1) and b, :=al, + [[ 6(j)™* (1)

i<l i<i j<lwl

where we make the convention that > ;cp(--+) := 0 and [Tigp(---) := 1.

Using the 6;-i.t I; and do-i.t I, on z-axis and y-axis, respectively, we can
define a function f which maps the interval I;(w) into the interval I5(¢(w)) if

¢t :C Ny, — Nj, is compatible in the following sense.

Definition 2.5 (Rettinger et al. [8]) Let 61,5 : N — N*t. A function
v :C Nj — Nj is called (01, 02)-compatible if the following conditions hold.

1. The domain dom(¢) of ¢ is infinite;



2. dom(¢) is alternate in the sense that, for any w € Ny and i < 6;(|w])

VwVi < 6;(Jw|)(wi € dom(r) = w(i — 1), w(i+ 1) € dom(e) & i # 0,01);

3. Vw,v € Ny (w € dom(t) & v Ew = v € dom(r) & ¢(v) E t(w))); and
4. Yu,v € dom(¢) (Ju| = |v]| = [e(u)| = |¢(v)]).

The most important application of these notions is the following technical
lemma which is very useful to construct some computable real functions.

Lemma 2.6 (Rettinger et al. [8]) Let 01,00, : N — NT be computable
functions, I; a canonical 61-i.t., and Iy a computable do-i.t. such that l‘sw? <
27D all w € Nj,. If v :C N;, — Nj, is a (81,02)-compatible computable
function, then there is a computable function f : [0;1] — [0;1] such that
f(I(w)) C L(t(w)) and f(a®) = ffw) for all w € dom(s).

3 Computable Function of Bounded Variation

In this section, we will discuss some basic properties of computable real func-
tions of bounded variation on the interval [0;1]. We investigate especially
which properties of continuous functions of BV can be extended to that of
computable real functions accordingly. For the BV functions, we have at first
the following simple properties which hold obviously for the CBV functions
too.

Proposition 3.1 1. If f,g € BY, then f—gq, f-g, f+¢g € BV. If, in addition,
de > 0Vz € [0;1](|g(z)| > ¢) holds, then f/g € BV;

2. Let L(f)|a; b] be the length of the graph of function f on [a;b], then
V()la;b] + (b= a) > L(f)la; 0] > [(V()[a; 0])* + (b — @))%,

Therefore, f € CBV[0;1] if and only if the graph of f on [a;b] has a finite
length.

Therefore, the class BV (and also CBV) is a kind of “pseudo” algebraic field.
And, for any function f : [0; 1] — [0; 1], it doesn’t make any essential difference
if we consider the length of its graph instead of its variation.

In some sense, the continuity and the property of bounded variation of a func-
tion are independent. Namely, there are both functions which are continuous
but not of bounded variation and the functions which are of bounded variation
but not continuous. However, for those functions which are both continuous



and of bounded variation, we can show some significant results. For example,
if both f and its differential f’ are continuous, then f € BV and actually,
V()[0;2] = J5' | f'(uw)|du. This can be translated immediately to that of com-

putable functions.

Lemma 3.2 If both f and its derivative f' are computable on [0;1], then
f € CBV and the function vy defined by ve(x) :== V(f)[0;z] is computable.

Proof. f € CBV follows directly from corresponding classical result and the
computability of v; follows from the fact that ve(xz) = [ |f'(u)|du and the
computability of the integral operation. 0

Another observation is that the variation of a continuous function can be
calculated from the dyadic subdivisions instead of all real number subdivisions.
In general, for any function f : [0;1] — [0;1] and A C dom(f), we define
the variation V(f, A) of f on A as supy > icm |f(x:i) — f(xit1)], where the
supremum is taken over all subdivisions 0 < z¢p < 1 < 29 < - -, < 1 with
x; € A. f is said to be of bounded variation on A (denoted by f € BV (A)) if
V(f,A) is finite.

Proposition 3.3 If f € CBV, then V(f)[0;1] = V(f,D).

Proof. Suppose that f € CBV. Then f is uniformly continuous and of
bounded variation on the interval [0; 1]. There is a modulus function o : N — N
such that |f(z) — f(y)| < 27" if |z — y| < 270, Let u := V(f)[0;1] and ¢ >
be any positive real number. The inequality V(f)[0;1] > supp > icm | (i) —
f(ri41)] holds trivially by the definition of variation. It suffices now to show
that V(f)[0; 1] < supp > ;e |f(ri) — f(riz1)] holds too.

By definition of V(f)[0;1], there is a subdivision 0 = 2y < 1 < 22 < -+- <
T, = 1 such that >, |f(z) — f(xiz1)] > u —¢/2. Fix an n € N such
that m - 27" < £/2 and choose, for all i < m, some r; € D such that
|2 — 73 < 27¢0) Then, Yic [f(rs) = f(rivn)| = Sicm(1f (@) — flisa)| —
|f(ri) = f(xa)| = [f(ig1) = f(riga)]) = u—e/2—2m 27" > u—¢. This implies
that supp i< [ f(ri) = f(riga)| = w = V(f)[0; 1] m

By Proposition 3.3, we can calculate the variation V(f)[0; 1] by simply con-
sidering all subdivisions of [0;1] which consists of dyadic numbers instead
of all real number subdivisions. This is especially useful if the function f is
computable. In this case, we can approximate the variation V(f)[0;1] from
below effectively. Therefore V(f)[0;1] is left computable. Unfortunately, it is
not computable in general.

Lemma 3.4 1. If f € CBV, the V(f)[0;1] is a left computable real number;



2. For any y € LC, there is a f € CBV such that V(f)[0;1] = c.
Proof. Item 1. follows easily from Proposition 3.3.

To prove item 2., let y € LC and (ys)sen an increasing computable sequence
of rational numbers which converges to y. Define a function f : [0;1] — [0; 1]
as an infinite polygon function such that, for any n € N, f takes the value 0
at the endpoints and takes the value (y,11 — y,)/2 at the middle point of the
interval [n/(n+1); (n+1)/(n+2)]. Moreover, we define f(1) := 0. Obviously,
[ is a computable function such that V(f)[0;1] = >,,en V(f)[n/(n + 1); (n +

1)/(n + 2)] = ZneN(ynJrl - yn) = hmsaoo Ys = Y. ]

Next is a well known results in analysis.

Proposition 3.5 For any f € BV there are nondecreasing function g, h such
that f(x) = g(z) — h(x) for all x € [0;1]. Moreover, if f is continuous, then
g, h can also be continuous.

Proof. Define g,h : [0;1] — [0; 1] by

g(x) = (f(0) + vs(x) + f())/2 and h(z) = (f(0) + v(z) = f(x))/2.

Then f = g — h. Since vs(y) — ve(z) = V(f)[z;y] > |f(y) — f(z)| for any
x <y, both g and h are nondecreasing. O

Notice that the functions of g, h defined in the above proof are not com-
putable in general even if f is computable because the function vy can be
non-computable by Lemma 3.4.2. Therefore, the result cannot be extended
immediately to that of computable functions. However the claim is still true
if we require in addition that V'(f)[0;1] is computable as shown in the next
theorem which belongs essentially to Douglas Bridges [2].

Theorem 3.6 Let f € CBV. Then the following hold.

1. V(f)[0;1] is a computable real number if and only if vy is a computable
function; and

2. V(f)[0;1] is computable, then there are two computable nondecreasing func-
tion g, h : [0;1] — [0;1] such that f(z) = g(x) — h(x) for any x € [0;1].

Next result shows that the classes BY and CBV are not closed under the
composition.

Lemma 3.7 There are f,g € CBV such that their composition f o g ¢ CBV.



Proof. We define f by f(z) := y/z and define g : [0;1] — [0;1] as an
infinite polygon function such that, for any n € N, g takes the value 0 at the
endpoints and takes the value n=2 at the middle point of the interval [n/(n +
1); (n 4+ 1)/(n + 2)]. Furthermore, let f(1) := 0. Obviously, both f and g are
computable functions. Their variation on [0; 1] are V/(f)[0;1] = f(1)—f(0) =1
and V(g)[0;1] = Euen V(9)ln/(n + 1);(n +1)/(n + 2)] = Epenn™ = 2,
respectively. Therefore f, g € CBV. On the other hand, their composition fog
has an infinite variation V' (fog)[0; 1] = > ,en V(0g)[n/(n+1); (n+1)/(n+2)] =
Shenn = oo, O

4 CBV(LC) and WC

By Theorem 2.3, the image of a left computable real number under CBV-
function is weakly computable. In this section we will show that not every
weakly computable real number is such an image. Namely, we will construct a
computable sequence (z) of rational numbers converging weakly effectively to
x which is not an image of left computable real number under CBV-functions.

To ensure that x ¢ CBV(LC), we have to diagonalize all CBV-function and
all left computable function. However, the CBV-functions are very difficult
to deal with directly in an effective construction, we will use instead their
approximation with effective error-estimation. The determinator introduced
in next definition is one of such approximation.

Definition 4.1 Let f : [0;1] — [0;1], m» : N = N, 8 : Q x N — Q and
A C [0;1]g. B is a determinator of f if

Vn € NVu € Q(|8(u,n) — f(u)| < 5", (2)

and ( is simply a determinator if
Vn € NVu € Q(|8(u,n) — B(u,n + 1)| < 5-"HD). (3)

m is a modulus of f if Yo,y € R(jx —y| < 27" = |f(x) — f(y)| < 5~ D),
m is an A-modulus of § or a modulus of 3 on A if

Vu,v € Afju— o] <2770 —s [3(u,n) — Blu,n)] < 5-H), (4)
W.l.o.g. we assume in this papers that any (A-)modulus is increasing.
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For the determinator (3, we can define its variation as follows.

Definition 4.2 For any computable §: [0; 1] xN — [0;1] and A C [0; 1]g, the
variation V (3, A) of 5 on A is defined by supy >, i |5(2i,7) — B(zi41,1 + 1)],
where the supremum is taken over all subdivision 0 < zg < z1--- < zp < 1
with z; € A. (3 is said of bounded variation on A (5 € CBV[A] for short) if
V(3, A) is finite. (3 is said of bounded variation if it is of bounded variation on
[0;1]p and is denoted by 5 € CBV.

The following lemma follows immediately from the definition.

Lemma 4.3 Let 3 : [0;1]g x N — [0;1]g be a determinator of a computable
function f :[0;1] — [0;1] and m,m’ : N — N be functions such that m’(n) :=
m(n) + 2. Then

(1) limg o B(25,8) = f(limg o x5) for any convergent sequence (Ts)sen.

(2) f is of bounded variation iff B is of bounded variation on Q and iff 3 is
of bounded variation on D;

(3) If m is a modulus of f, then m’ is a modulus of 5 on D and.

(4) If m is a modulus of B on D, then m’ is a modulus of f.

By effective Weierstrass Theorem (cf. [7]), it follows that any computable real
function f : [0;1] — [0;1] has a computable determinator and a computable
modulus. The inverse holds in fact also as shown in next Lemma.

Lemma 4.4 If 3 is a computable determinator and « is a computable modulus
of B, then there is a computable real function f such that (8 is a determinator

of f and a is a modulus of f;

Proof. We construct a type-2 Turing machine M to computable f as follows.
For any input (r4)sen of rational sequence, M outputs a sequence (t5)sen Of
rational numbers, where t; := 3(72q(s41), 5 + 1) for any s € N.

If (r,)sen is a fast convergent Cauchy sequence, i.e., Vs (|ry — ropq| < 276D,
which converges to some @ € R. Then |Foa(si1) — Taa(sr) < 27206+ <
27+ Because « is a modulus of 3, this implies that |3(raa(st1),s + 1) —
B(raa(s+2),s + 1) < 5-(s+1. Therefore, (t,)sen converges also effectively be-
cause

| s s+1| - |ﬁ(7“204(s+1)7 s+ 1) ﬂ(
< |ﬁ(7"2a(5+1), s+ 1) ﬂ(r2a s+2)) S + ]-)| +
|ﬁ(7“204(s+2)7 s+ 1) — 5(
(s+

5 s )+5 (8+2) S 2—(S+1

Obviously, if (77)sen is another Cauchy sequence which converges effectively to

11



x, then the corresponding (¢))sen converges effectively to the limit lim_, o ¢
too. Therefore, M do compute a total real function f. It is also not difficult
to see that [ is a determinator of f and « is a modulus of f. 0

Now we are going to investigate how often oscillates a CBV-function around
a small interval. More precisely, for any continuous function f : [0;1] — [0; 1]
and [ := [a; b] C [0; 1], we call a pair (x, z2) of real numbers of [0; 1] a crossing
of f over I if f(x1) and f(zy) locate on the different sides of the interval I,
i.e., max{f(z1), f(z2)} > b and min{ f(z1), f(x2)} < a. Denoted by z(f, I, A),
for A C [0;1], the number of the crossings of f over I on A, namely

2(f, I, A) == max{n € N:(3(2;)icn € A" (0< 20 < 21 <2, <1) &
Vi < n((x;, ;1) is a crossing of f over I)}.

For A = [0;1], we denote z(f, I, A) simply by z(f, ). Furthermore, for /3 :
[0; 1o xN — [0; 1], we define accordingly 2(3, I, n), for n € N, as the maximal
natural number m such that there are rational numbers 0 < zg < 21 < T2 <
o < Ty, < 1 and that f(zs,n + s) and G(zs41,n + s + 1) locate on different
sides of the interval I for any s < m.

Let f € CBV and I C [0; 1]. Divide I equally into n subintervals [I]? (i < n) of
length [(I)/n. Then we have >, _,, z(f, [{]M)I(I)/n < V(f)[0;1] for any n € N.

Therefore, if n is large enough, then there must be some i < n such that
2(f, [I1MI(I)/n very small. Namely, we have the following lemma.

Lemma 4.5 If f € CBV and I C [0;1], then
(Ve) @N) (Vn > N) (3 < n) ((f, L)) /n < 27°) (5)

For f € CBV we can show a similar estimation about Z(f3,I,n). Moreover,
this estimation is even effective if we known a modulus function a of § in
advance.

Lemma 4.6 Let § € CBV be a determinator, a a computable modulus of (3
and I C [0;1]. Then, for any n with 5~ < (1),
2(ﬁ’j7 TL) S Z(ﬁ(un)a [I]gu]Doa(n)) & Z(ﬁ(u n)7j7 @) S 2(57 [I]g7n) (6)

Furthermore, for any e, there exist mg > 0 and tq with 0 <ty < 5™ — 1 such
that z(B(-, n+mo), [1]7,°,Q) - [(I) - 5™ < 27,

Proof. Because § € BV, both i := 2(4,1,n) and j := z(6(-,n), [1]3, Dawm))

exist. By the definition of Z, there are rational numbers 0 < zy < x; <

12



Ty < -+ < x; < 1 such that f(xy,n +t) and B(x4q,n + ¢ + 1) locate on
different sides of I for any t < 4. Let I = [ag; as] and I, := [I]2 = [as; asy1] for

s < b and each I is divided equally further by (as):<5. Suppose w.l.o.g. that
B(xas,n +2s) < ag and B(zasp1,m + 25 + 1) > as.

Because f3 is a determinator, |3(zas,n 4 25) — B(2s, )| < Xyegs 5~ MHFD <
2 - 5+ This implies that B(zgs,n) < ag — 2 - 5~ < agy and similarly
B(22541,m) > as3. For any z; € Q, there is an @, € Do) such that |z, — 2| <
27" Since a is a modulus of 3, this implies that |3(x,,n) — B(z),n)| <
51 hence that B(xh,,n) < aip < az and B(zh,,q,n) > asz > az. It follows
that the pairs («, ) ) are crossing of 3(-,n) over [I]5. By definition, this
means that z(5(-,n), [[]5, Do) > i = 2(8, 1, n). O

Notice that, z(3(-,n), [I]3, Da(n)) can be computed effectively. Thus, we can
bound 2(3, I,n) effectively.

Theorem 4.7 CVB(LC) C WC.

Proof. The inclusion part is quite straightforward. Here we prove only the
inequality part. Namely we show that there is a weakly computable real num-
ber y such that y # f(x) for any left computable real number z € [0; 1] and
any computable real function f : [0;1] — [0; 1] of bounded variation.

Let (as)sen, (Bs)sen and (7s)sen be effective enumerations of all computable
functions a;, :C N —- N, 4, :CQ x N — Q and 7, :C N — Q, respectively. We
will construct effectively a computable sequence (ys)sen of rational numbers
converging weakly effectively to some y which satisfies, for any ¢, 7, k € N, the
following requirement R’<i’ It

If 3; is a determinator of some f € CBV; «; is a modulus of f and (7x($))sen
converges to xy increasingly, then y # f(xy).

By Lemma 4.3, the requirements Rl(l‘,j,k> can be replaced by the following
requirements R ; ).

0; is a total determinator,
o and 7y, are increasing
V(ﬁu Q) S <i7ja k): and

a; is a D-modulus of §;

Ry = lim 3;(7(s),s) # v.

The strategy to satisfy a single requirement R, (e = (i,7,k)) is quite sim-
ple. We fix a rational interval I C [0;1] as a base interval and divide I into
subintervals [; := [I]? (for ¢ < 5). Then either I or I3 is a witness interval
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of R, in the sense that each of its element satisfies the requirement R,.. Ac-
tually, we can find such witness interval effectively in finite steps as follows.
Let’s take I; as the first (default) candidate of the witness. If there are no
s and t such that [; s(7vks(f),t) € I, then I; is a correct witness interval of
R.. Otherwise, if (; 5, (Vx5 (t0), to) € I for some sy and tg, then take I3 as a
new candidate of witness interval. If there are s; > sy and t; > tg such that
Bisi (Vjsi (t1),t1) € I3, let I; be the candidate of witness interval again, and
so on. If V(53;,Q) < e, these can happen at most finitely often and we can
find finally a correct witness interval of R.. This procedure is called an I-jump
game.

To satisfy all requirements simultaneously, we implement different I-jump
games simultaneously and construct a sequence (I.).cn of nested rational inter-
vals such that I, C I._1, and I,_; and I, are base and witness intervals of R,,
respectively. Then the element y € .oy [. satisfies all the requirements R..
Unfortunately, such a sequence (1 ).cn of witness intervals is not computable,
because it is not effectively decidable, whether I, is a correct witness inter-
val of R.. However, we can construct its effective approximation. Namely, we
construct effectively the finite sequences (I s)e<u(s) such that I, is a correct
witness interval of R, for (85, s, Vks) instead of (B, 0, Vi), Ley1s C Les
for any e < u(s) and lim, . u(s) = oo. In addition, we demand that the
limit I, := lim, .o I s exists and it is a correct witness interval of R, and
lime .o (1) = 0. Thus, N.ey Ie contains an unique element y which satisfies
all requirements R.. Let y, be the middle point of I,) . Then, (ys)sen is a
computable sequence of rational numbers which converges to y.

For any e € N, the intervals /. ; can be defined in stages by above strategy.
To this connection, the priority injury technique can be applied. We say that
a requirement R, has a higher priority then R. if e < €. At any stage s,
if several requirements require to define their current witness intervals, then
we choose only one requirement R, of the highest priority and define a new
witness interval [, s (R. receives attention). Now, all I ¢ for ¢ > e, if it is
defined, do not work any more and have to be redefined at a later stage (R
is injured at stage s). Since the /-jump game changes [, ; for R, only finitely
many times, every requirement R, can be injured finitely often. This ensures
that the correct witness interval I, of R. can be eventually found, namely,
I, = lim,_, I s exists. To guarantee that /. is nested, we choose I, always
as a subinterval of [._; ;.

To guarantee that the sum > .oy |ys — ys+1| is finite, a more sophisticated
strategy for satisfying R, is necessary. Concretely, let S, denote the set of all
e-stages s at which the requirement R, receives attention. Then, we demand
that >, 1cs. |ys — ¥st1| < 27¢ for any e € N. In other words, the e-stages
contribute to the sum Y, ey |ys —¥s+1| at most 27¢. To this end, we divide the
base interval I._; into 5™ (for some m > 1) instead of 5 subintervals I; ¢t < 5™
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and find three intervals I;_q, I, and [, such that 2(5;, I;,n) - [(I;) < 27¢ for
appropriate n. Then choose I;_; or I, as candidate of witness interval for R..
This ensures that the I._;-jump game contributes to the sum > oy |ys — Ys11]
at most 27¢. By Lemma 4.5 and Lemma 4.6, such intervals [; 1, [; and [;
can be effectively determined. Considering the possible injuring, we choose the
intervals I,_1, I, and I, ;1 in such a way that 2(3;, I;,n) - 1(I;) < 27 where
b is the number of injuries the requirement R, received up to now.

Before the formal construction, we explain our notations again. For any e =
(i,7,k) € N, the interval I._, 4 is the base interval of R, at the stage s and
it has the length 5 “-%s. To apply the I._; -jump game, we choose three
abutting subintervals 1!, 12, I3, C I._, of the same length 5-°(*) and set
one of the intervals I}, and I?, as a witness interval of R, which is denoted
by I... We call R, is in the state of active if I}, IZ,, I? are defined. Denote
by us the maximal index e such that I, s is defined. Let d. := ¢, — c.—1. Then
I(I.) = I(I._y) - 5~%. The number of injuries that R, received up to stage s
is denoted by b. . At any step of an I,_;-jump game, a new element 7 (%)
of the sequence (7x(t)):en is considered. Denoted by a. s the maximal index
of element of (74 (s))sen which is already considered up to stage s. The triple
(s, Bj,s, Vk,s) is called n-proper if it satisfies the premise of Ry; ;) on the set

Dq, ,(n), namely, for any u,v € Dy, (), the following hold

vm S n(|u - U| S 2_ai(m) — yﬂj,s(uam) - 6j,s(v>m)‘ < 5—(m+1))
Vm < n(as(m) |=a;s(m+1)) & Vm < n(ys(m) < yps(m+1))
Vm < n(|8;s(u,m) — B;s(u,m+ 1) < 5_(m+1)) and

V(ﬁJ}S’D%(n)) < <i’j’ k) .

We initialize a requirement R. by setting it into the state inactive, define
bes+ = bes + 1 and set all functions a.,c., d. and intervals I., IV (for v €
{0,1,2}) undefined.

The formal construction of (ys)sen:

Stage s = 0: Define I_; := (0;1), up := —1 and all requirements R, are
initialized.

Stage s + 1: Given u, and aes, bes, Cess, deys; Les, 12, 12, 12, for e < u, and
ys = mid(7,,). A requirement R, (e = (i, J, k)) requires attention of type I (or
[-attention) if R, is in the state of inactive, e < ug and there are ng, n; and t
which satisfies the following conditions

(L1) cec15s <myp <np<sand 0 <ty <5 —1for my:=ny — Ce_1;

(L.2) (ciys,Bjs, Vk,s) 18 no-proper; and
(13) Z(ﬂj('a n1)7 J7 ]D)ai(no)) ' 5—n1+1 < 2—(8+be,5+1)7 where J := [[Ie—l,s]%ﬂo]g'
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A requirement R, (e = (i, j, k)) requires attention of type II (or Il-attention)
it R, is in the state of active and there is a natural number a > a. s such that

(ai,sa ﬁj,& /Yk’,s) 1s a-proper and ﬁj,s(’yk,s(a)v CL) S Ie,s~

If no requirement requires attention (neither type I nor type II), then choose
ann > 1such that I(I,, ,)/5" < 2~ (s+1+bustrst) and define u . = uy+1. For
€ 1= Ust1, define also aesi1 := —1, besy1 =0, Cesr1 1= Cuy s + Ny desy1 1= 1,
Isi1 = [L,. 47" for t := 2-5"1+2 and y,,; = mid([. sy 1) . All other
parameters remain unchanged. This stage is called a (default) u,,i-stage and

R, ., receives (default) attention at this stage.

Otherwise choose a minimal ey such that R., requires attention. We consider
the following two cases.

Case 1. R, requires I-attention. Let m( and ¢;, be the natural numbers which

. PR m
satisfy condition (L.3). Then we define w1 := e, IZ 1 = [leg—1,6)5 140 fOr
_ .70
v=0,1,2, [y s41:= I 41 and
Qey,s+1 = N1,  Cey,s+1 = N1, de,erl = my (7)

where ny 1= c._1,5 + mg. Set the requirement R., into the state of active and
initialize all R, for e > ey.

Case 2. R, requires Il-attention. Let a be the natural number such that

._ ._ 72
Bis(Ves(a),a) € I, Define ugy1 1= eg, Geg o1 = a, and Ioy o1 = 17, if
Ips = I, and I o1 := I | otherwise. All requirements R, for e > e is
initialized.

In both cases define y,41 := mid(I, s+1). The requirement R, receives atten-
tion and all requirements R, for e > e are injured at this stage. This stage is
called an ep-stage.

To show our construction successes, we prove the following sublemmas.

Sublemma 4.7.1 The requirement R. requires and hence receives attentions
finitely often for any e € N.

Proof. We prove the sublemma by induction on e € N. Suppose by induction
hypothesis that R, requires and receives attentions finitely often for any ¢’ <
e. Choose a minimal sy such that no R, for ¢/ < e requires attention after
stage sp. By the minimality of sy, we have either s = 0 or there is an €’ < ¢
such that R. receives attention at stage so. This means that R, is in the state
inactive at stage sg.

If R, requires no attention after stage sg, then we are done. Otherwise, suppose
that R. requires and hence receives its first attention at stage s; > sg. Namely
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we define the new c. s, and new intervals I, and I, for v € {0,1,2} of the
same length 57 %=1. R, is set into the state active and will remain in this state
forever. After stage s1, R, can require and receive only Il-attentions at, say,
to+1 < t;+1 < to+1 < ---. For any s, we have 5, ¢, (Vi.t, (Geto11)s Qepor1) € Let,
and I, 41 = Il?t:v‘ if Iy, = 12, for some v € {0,1}. Because the distance
between the intervals I{, and 12, is 5 =1, this implies that

Bivte (Vrta (Qeytat1)s Qertas1) = Bitors (Vestors (etasr+1); ey p1)| = 577

for any s € N. Let s’ := e - 5%=1 + 1. Then

> 1Bt (Ve (), 1) = Bie, (Ve (t+1),t + 1)

t<ty

> Z Wz;tsl (’Vk,tsl(ae,tsﬂ), a'e,t5+1> - ﬁi,tsf (Vk,tsl(ae,tsﬂﬂ), Cle,ts+1+1)| > e

s<s’

Therefore, R, does not require attention any more after stage ty. Thus, R,
receives attentions finitely often altogether. O (sublemma)

Sublemma 4.7.2 For any e € N, limits I, := limy_,oc Lo 5, @ := limy_, ac s,
be = limy o0 be s, Co i= liMgsoo Ce s and de := limg_ oo de s exist.

Proof. By Sublemma 4.7.1, we can choose the minimal sy such that no R.
for ¢/ < e receives attention after stage so. According to the construction,
either sp = 0 or there is an ¢’ < e such that R. receives attention at stage
so. If sg is an e-stage at which the interval I, ,, is defined, then it is in fact
the last e-stage and hence I, ; = I, ,, for any s > s( since no R. for €/ < e
receives attention after stage sg. Otherwise, if sq is an €¢’-stage for some €’ < e,
then there is a default e-stage s > sy at which the interval I, is defined and
this interval will never be changed again. Therefore, in both cases, the limit
I, :=lims_, I, s exists.

Similarly, we can show that all other limits exist. O (sublemma)

Sublemma 4.7.3 For any e € N, the interval I, witnesses the requirement
R, in the sense that any y € I, satisfies R..

Proof. Suppose that the premise of the requirement R, (for e = (i, j,k))
holds. By Sublemma 4.7.2, we can choose a minimal sy such that I, 5, = I, s =
I, and a5, = a.s = a. hold for any s > so. Then the interval I, 4, is defined
and will never be changed again after stage sg. Especially, us; > e holds and
the requirements R, requires no attention at any stage s > sq.

If R, is in the state inactive at stage s, then it remains in state inactive at
any stage s > sg. This means that R, requires no I-attention after stage s.
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By assumptions on (ay, 5;,7) we have ; € CBV. Therefore, by of Lemma
4.6, there are n; > c¢.,_1 and ty with 0 < £y < 5™ — 1 for mg := ny — ¢._1 such
that z(8;(-,n1), [I]5,°, Q) < 27(¢+%F1)_ This implies that

Z(ﬁj(-,nl), [[[]?:0]37]1)%(”0)) S 27(e+b8+1)

for any ng. Choose s; > ng > n; large enough such that (a,s,, Bjs1s Ves,) 18
no-proper. Then R, requires require attention at stage s; + 1. This contradicts
the choice of sg.

Otherwise, if R, is in the state of active at stage sg. Assume by contradiction
that lims_o Bi(k(s)) = y := lims_« ys. By the definition of (y;), we have
obviously that y € I.. There is an s; such that 3;(yx(s)) € I for any s > s.
Let a := max{a. + 1, s1 }. Since («;, §;, Vi) satisfies the premise of R., there is
an sy > a such that (as,, 8js,, Vk,s,) 18 a-proper. Then R, requires attention
of type II at stage s, + 1 which is again a contradiction. This contradiction
implies that lims .o B;(k(s),s) & I.. Thus R, is satisfied by any element of
I.. O (sublemma)

Sublemma 4.7.4 > .y |ys — Ysi1]| < 4, hence y = lim, o ys is a weakly
computable real number which is not in CVB(LC).

Proof. Let S, be the set of all e-stages. By the construction, every stage
s is an e-stage for some e € N, hence Uyen Se = N and Y o |ys — Yst1] =

>oeeN Lost1es. |Ys—Ys+1|. Therefore it suffices to prove that Y-, 1cq. [Ys—Ys+1| <
2=t for any e € N.

By Sublemma 4.7.1, it is easy to see that S, is finite for any e. There is an
up € N such that sop < 51 < 59 < -+ < s, are all elements of U, ., Ser. In
other words, for any t < ug, s; is an e’-stage for some €’ < e and hence R, is
injured at this stage. It is not difficult to see that b, =t for s, < s < s44;.
Let St :={s € Sc: 8 < s < s41} for any t < ug. Then, it suffices to show
that

vt < uO( Z ’ys - ys+1’ S 27(6+t>+1)- (8)
s+1€St

Suppose that tg+1 < t;+1 < --- <t,, + 1 are all elements of S’. Since R, is
injured at stage s;, R, is in the state of inactive at stage s; and hence also at
stage to. Therefore, stage to+ 1 must be a default e-stage because it is the first
e-stage after R, is injured at stage s;. At this stage, we define a new default
witness interval I, ;1 := [I._14,]7 for some n and t := 2-5""! +2. We define
Yio+1 as the middle point of I ;.11 which is obviously also the middle point of
Ic_1t941- Therefore, ye sy = Yery+1. Remember that we have choose n in such
a way that the length [(I.4+1) of the new witness interval less or equal to
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27(e+t+1) ]

At stage t; + 1, R, receives [-attention since I.; is defined (it cannot be
a default e stage any more) and R, is in the state of inactive (it requires
no Il-attention). Namely, we put R, into the state active and define three
consecutive intervals ID, i, I}, .y 12, ., and the interval I, 1 = I2,
such that they have the same length 57" and satisfy the following condition

Z(ﬁz<’ nl)’ [I€1¢1+1]g7 ]D)oc(n)) -5 < 2—(e+t+1) (9)

for some n > n; is some natural number. Now ;41 is the middle point
of I.; 1. Notice that there is no e’-stage between stages top + 1 and ¢, +
1. The witness intervals at stage ty + 1 and ¢; are the same, ie., I.;, =
Io.io11- Therefore |y, —ys, 1| < 27D because yi,, Yiy 41 € Lesy = leggr1- In
addition, we define also a.,+1 := n; so that only the elements of the sequence
(7k(s))sen which has the indices bigger than n; will be considered at the later
stages.

At stage t, + 1 for 1 < v < vy, R, receives II-attention. By a simple induction
we can show that Iy, 11 = I, 1. Lety,, = 12,41 Therefore, we have

|Bjte Vit (et +1)) = Bitors (Viturs (@estuya+1))] = 57 for any v > 2, because
Bjte(Veto (@et,41)) € Ley,. Of course, this can happens at most 2(f;, [el,tl—i—l? ni)
times. Moreover, by the condition (9) and (6) of Lemma 4.6, it follows that

Y, — Yeor1| < 2(0s, eti+1>701) B
> | | < 2(8i, 1 ) 572

1<v<vg

<2(Bi(,m), (14, 115, Dagny) - 57 -2 < 270,

Combining the case of ¢; 4+ 1, (8) follows immediately. O (sublemma)

By Sublemma 4.7.4, the real number y is a weakly computable real number
which is not in CVB(LC). This completes the proof of the theorem O

5 CBV*LC) and CTF(LC)

In the last section we show that one application of the CBV-functions to semi-
computable real numbers produces a proper subset of weakly computable real

numbers. In this section we will show that two applications of CBV-functions
suffice to produce the set CTF(LC).

Theorem 5.1 CVB*(LC) = CTF(LC) = CTF(WC)
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Proof. The inclusion CVB?*(LC) C CTF(LC) is trivial because CBV* C
CTF. We prove now that CTF(LC) C CVB?*(LC) holds too.

Given any y € CTF(LC), there is a computable sequence (ys)sen of rational
numbers converging to y such that, for any n € N, its n-divergence is bounded
by b(n), for some recursive function b : N — N*. Now, we are going to construct
two computable functions g, h € CBV and an increasing computable sequence
(4)sen of rational numbers such that g o h(z) = y. Thus, y € CBV*(LC).

By definition, if f € CBV, then the sum Y |f(us) — f(usy1)| is finite, for any
partition xy < x1 < --- < xy of [0; 1]. That is, f can only make few big jumps or
make many small jumps on the interval [0; 1]. Since CVB(LC) # CTF(LC),
the composition g o h cannot be of bounded variation. That is, to satisfy
gh(x) =y, the function g o h has to make a lot of big jumps but not g and h.
The essential idea here is that, let h make a lot of small jumps and then let g
amplify them to the big jumps.

We define the functions by Lemma 2.6 again. Let 6;(n) := 2b(3n)+1, d2(n) :=
2" i<, (b(3i) +1) +1 and d5(n) := 2 be computable functions. I; and I, are
canonical d;- and do-interval trees, respectively. We define I3 as a ds-interval
tree in such a way that, for any w € {0,1}* and ¢ € {0, 1}, the interval I3(w)
is covered by intervals I3(w0) and I3(wl) which are overlapped in the middle
of the interval I3(w) for a length of I(I(w))/4. More precisely, the interval
I3(w) = [a%; b%] has the length of 153 := [T, ,, (271 +27%) for a3, b3 defined

inductively by

ay =0, b =1

P— (5( 63 P— (5; 1)
Ao -= au?7 Aoyp1 = au} + lu? ) 3/8

boy = b b = a% 415 5/8

wl

Moreover, we define two computable functions ¢; : Nj, — Nj and ¢ : Nj, —

5, inductively by ¢1(A) := A, 12(A) := A and

(t1(w)l if i mod 4 = 1; 1y(w)3 if i mod 4 = 3; T otherwise)
(to(w)0 if i = 15 o(w)l if ¢ = 3; T otherwise, )

11 (wi) :

to(wi) :

for any w € N* and. Obviously, ¢; and ¢y are also (07,02)- and (dg, 03)-
compatible, respectively. By Lemma 2.6, there are computable real functions
g,h : [0;1] — [0; 1] such that

h(Ii(w)) € Ia(t(w)) & g(12(u)) € I3(e2(u)) (10)
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Fig. 1. An example of g and h to their second approximation step

for any w € dom(¢;) and u € dom(zs).

The Figure 1 gives an example of g and h to their second approximation step,
namely, the condition (10) is hold for |w| = |u| = 2. Moreover, g, h have both
of finite variations because

V(g)[0;1]=>"2"- 271 <2 and

V(h)[0;1] < i [126,"(b(30) +1) < i 27" =2,

It remains to construct an increasing computable sequence (z)sen of rational
numbers converging to € LC such that y = lim,_,, gh(ys) = gh(z). Notice
that ¢1(w) € dom(ty) and hence gh(all) = g(aff(w)) = affm(w) for any w €
dom(¢1). In the following, we will construct a computable sequence (wy)sen of

Nj and let z, := al! .
The formal construction of the sequences (ws)sen.

Stage s = 0. Define simply wy = A and hence xy := 0. The stage 0 is called a
default stage.

Stage s + 1. Given w, € dom(¢1). Suppose that ys € I5(t2t1(ws)). Then define
Wst1 = wsl if ys € I3(tat1(wsl)) and wsy := w3 otherwise. In this case, the
stage s + 1 is also a default stage.

Suppose that ys € I3(t1e2(ws)). Then choose a maximal n < |wg| such that
ys € I3(tita(ws) | n) and let weyy = (ws [ n)(ws[n] + 2). Notice that,
t(wsg1)[n] = 11if o3 (ws)[n] = 3 and ¢1(wsy1)[n] = 3 otherwise. This implies
that tot1(wsyq)[n] =1 = 1901 (wy)[n], and hence y, € I3(tat1(wsyq)[n]). In this
case, we call the stage s + 1 an n-stage.
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We will show that the construction successes. Notice that at any stage s + 1,
we have defined wyy either by wy 1 := wgi for i € {1,3} or wey1 := (wy |

n)(ws[n]+2) for some n < |w,|. In both cases we have a3}, < a‘swlsﬂ. Therefore,
the sequence (z4)sen defined by x4 1= aﬁ}s is increasing. Of course, we have

to prove that this sequence is well defined at all. Namely, we show the next
claim.

Claim 1 For any n € N, the following hold

(1) There are at most finitely many n-stages in the construction; and
(2) Vs € N(n < |ws| = wy[n] < 01(n)). Namely, ws € Nj, for any s.

We prove two assertions by induction on n simultaneously. Assume by induc-
tion hypothesis that, for all m < n, there are at most finitely many m-stages
and ws[m] < §;(m) holds whenever wg[m] is defined. Let S,, be the set of all
n-stages s. Then S, := U,,p Sm is a finite set by the assumption. Suppose
that s1 < s9 < -+ < sp are all elements of S,,. Since 0 € S_,,, we have 0 < s.
Denote sy := 0 and sgy1 := 0o. Then it suffices to show that wy € N3, for any
t<k+1and s; <5< S¢pq.

Given t < k+ 1, there are no m-stage (for m < n) between stages s, and s, .
Therefore, wy [ n = wg, [ n for any s between s, and s;,1 and w,[n| can be
changed only at some n-stages s for s; < s < s;41. Let tg+1 < t1+1 <to4+1 <
-+ - are all n-stages between stages s; and s,,1. Since s; is an m-stage for some
m < n, wg,[n] is not defined. There is a default stage ¢y between stages s; and
to + 1 at which wy,[n] € {1,3} is defined. Suppose w.l.o.g. that wy,[n] = 3.
At any n-stages t; + 1 for i > 1, the value wy,1[n| will be increased by two.
It suffices now to show that there are at most b(3n) n-stages between stages
s¢ and s;11. By a simply induction on j € N, we can show that the following
hold.

LQLl(whj)[n] =1& [’2[’1(wt2j+1)[n] =0 (11>
Yta; S ]3(L2L1((wt2j rn)l) & Ytaji € ]3(L2L1((wt2j+1 [n)O) (12)

From (12) it follows that |y, — yi,,,| > 27" because wy, | n = wy,,, [ n.
But this can happen at most b(3n) times by the assumption on the sequence
(ys)sen- In other words, there are at most b(3n) n-stages between s; and s;_1.
This completes the proof of the claim.

By Claim 1, (z4)sen is a well defined increasing computable sequence of ratio-
nal numbers which converges to some left computable real number x € [0; 1].
On the other hand, it follows from (2) of the Claim 1 that the length of w;
convergence to infinite and accordingly the length of the intervals I3(tot1(wy))
converges to 0. According to the construction, we know that both gh(zy)
and y, belong to the intervals I3(i9t1(ws)) for any s € N. This implies that
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gh(z) = lim,_.o gh(z,) = lim,_ ys = y and hence that y € CVB*(LC). O

Corollary 5.2 CBV(WC) = CTF(WC)

6 CMF(WC) and CTF(WC)

In this section we will show that the image sets of weakly computable real
numbers under computable total real functions and under computable mono-
tone real functions are different. Notice at first that y € CMF(WQC) iff there is
a strictly monotone computable function f and a z € WC such that f(z) = v.
Furthermore, any strictly monotone computable function can be approximated
by a computable sequence of strictly monotone rational functions.

Lemma 6.1 Let f : [0;1] — [0;1] be a strictly increasing computable real
function. Then there is a computable function B : [0;1]g x N — [0;1]g such
that

Vv, y € [0; g(z <y = Bz, n) < By, n)) (13)
vtz € [0; g (|8(x,n) — Bz, n+ 1) < 27°0HD) (14)

The assertion holds for decreasing function accordingly

Lemma 6.2 Let f : [0;1] — [0;1] be a strictly monotone function, J C [0;1]
a non-empty rational interval. There is a tg € N such that, for any r > to,
there are rational numbers a1 < ay < ag < ay belonging to J such that

as — Ay > 2-(r+2) ond |f(a1) — flag)| < 2~ (1) (15)

Proof. For a strictly monotone function f : [0;1] — [0; 1] and any nonempty
rational interval J := [by;by] C [0; 1], choose a tg > 0 such that

| f(b2) — f(b1)] /(b2 — by) < 2%~ and (16)
(by — by)/2 < (4ig +4)27 20+ < by — by, (17)

for some iy € N. Obviously, such t, exists. For any s,7 € N, let

JS = [by + (4i 4 1)27 G4 4 (44 4 4)2~ (totst2)], (18)

Then we have (by — by)/2 < max J{° < bo.
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We will show that t, satisfies the lemma. Assume by contradiction that there
is an r > ¢y such that no rational numbers a; < as < ag < a4 satisfy condition
(15). For such an 7, we define a’ := b+ (4i+j)- 200" for any i € Nand j €
{1,2,3,4}. Obviously, we have a} < a} < a < a} and |a} — ab| = 2~ (o+7+2) >
2-(2r+2) By the choice of r, this implies that max f(J) —min f(J7) = | f(a})—
f(a})] > 270+ as long as JI C J. On the other hand, there are at least
(by — by) - 21077 (=(by — by)/4 - 2~ (0+7+2)) such intervals J7. We conclude that
|f(b2) = f(D1)] /(b2 = b1) > (bp — by) - 2% - 270+D /(by — by) > 200~ This
contradicts the choice of tg. O

Theorem 6.3 CMF(WC) C CBV(WC) = CTF(WC)

Proof. It suffices to prove the inequality part. We will construct a recursive
function h and a computable sequence (ys) of rational numbers converging to
y and the n-divergence of (ys) is bounded by h(n) for any n. Thus y € DBC =
CTF(WCQC). Furthermore, y satisfies, for all i, j € N, the requirement

If ¢; is a strictly monotone total function and -; is total such
that 3 sen [7;(s) — (s + 1)[ < 1, then lim, .0 ¢i(7;(s)) # ¥,

where (¢.) and (7.) are effective enumerations of all computable functions
@e :C [0;1] — [0;1] and v, :C N — [0; 1]g. Thus, y ¢ CMF(WC).

Qugy :

Given a strictly monotone function ¢; and a weakly convergent sequence
(7;(s)) with > en |75(s) —v,(s+1)] <1, we consider a base interval J C [0; 1].
Let r and ay, as, ag, a satisfy Lemma 6.2 and define I'' := [ay; as], I? := [a3; a4],
J' = (I') and J? := ¢;(1%). Now, if ;(v;(s)) enters J*' (hence v;(s) enters
I'), then we define y,1 as the middle point of J?. Similarly, if ;(7;(s)) enters
J? (hence v;(s) enters I?), then we define ys,1 to be the middle point of J*.
This guarantees that the limits y := lim, . ys and lim,_, ;(7;(s)) have at
least a distance of |¢;(a2) — @;(as)|, hence y satisfies the requirement Q; ;.
Notice that y,’s can be redefined according to this strategy at most 227+2 times
because of az — ag > 2~ +2) and the hypotheses 3,y |[7;(s) — vi(s +1)] < 1.
On the other hand, every redefinition of y, contributes only a jump of (ys)
bounded by 2~+1 because of (15).

To satisfy all requirement @, simultaneously, let’s begin with the base in-
terval Iy := [0;1] and search for the minimal e := (7, j) such that we can
apply Lemma 6.2 for the function ;. Choose r; and a4, as, az, as which satisfy
Lemma 6.2 and let I} := [ay; as], I? := [a3; a4] and J* := p;(I*) for u :=1,2.
By default, let I; := I! be a new base interval, define y,, to be the middle point
of J! (denote by mid(J})). If at a later stage sa > s1, ¢;i(7;(s2)) enters the
interval J!, then set I; := I2. If there is another s3 > sy such that o;(v;(s2))
enters the interval J?, then redefine I := I, and so on. In each case, we will

define a new value of (y,) as the middle point of I;. Of course, this redefinition
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can appear at most 2%71%Y times if 3,y |7 (s) — (s +1)] < 1.

Now on the base interval I; we will look for another minimal e; := (i, j;) > e
such that the Lemma 6.2 can be applied for ¢;,. Define 79, I, J (u :=1,2),
I, and new y, similarly. This procedure can be carried out further. By the
above strategy, we can see that, first, the limit y := lim,_, y, exists. In fact
it is the unique common point of a nested interval sequence (I;)cen; Second,
every requirement @ ;y is satisfied, because lim,_,o ;(7;(s)) and y have at
least the distance of |p;(a2) — ¢i(as)| (for some ay < as), if ¢; and 7; satisfy
the premise of @Q; jy; Third, the n-divergence of (y,) is bounded by a recursive
function & defined by h(n) := 3,,<, 222 Where the third claim follows from
the observation that we define new y, only according to some requirement
and some natural number r which satisfies Lemma 6.2 and any jump which
is related to this r is not greater than 2~ ("*1)_ Different requirement relate to
different such r and, for any fixed r, there are at most 22"*2 jumps related to
this r.

Unfortunately, the construction above is not effective, because, first, we cannot
decide whether ¢; is a monotone total function and, second, we can’t compute
the value ¢;(7;(s)) in finite steps, even if it is defined. To solve this problem,
let 3; :C [0;1]p x N — [0;1]g be an approximation of ¢; such that |p;(x) —
Bi(x,n)] < 27" and use the function pair (5;s,7;s) in the construction in
stead of (¢, ;). More precisely, let (3.) and (v.) be effective enumerations of
all computable functions 3, :C [0;1]g x N — [0;1]g and 7. :C N — [0;1]g,
(Be,s) and (e s) are their uniformly effective approximation, respectively. Then
it suffices that the limit y := limy, satisfies, for all 7,5 € N the following
requirements.

If 5; is a determinator of a strictly monotone total function, (;
Ry satisfies conditions (13) and (14) and Y.y |7v5(s) — (s +1)| < 1,
then lim,_.« Bi(7;(s), s) # v.

To satisfy the requirement R; ;), we have to guarantee that, for some positive
€ >0, |ys — Bis(7js(m),m)| > € holds for infinitely many m, whenever the
pair (s, 7;,s) does not contradicts the premise of Ry; ;. We say that the
pair (3;,7;) is s-proper if (5; 5, v;,s) does not contradicts the premise of Ry; jy,
namely,

VnVu,v (u < v = F;s(u,n) < Bis(v,n)) (
VnVu (6;s(x,n) < Bis(x,n+ 1)) (20
VmVnYu (n < m = B;.(x,m) — Bis(x,n) < 27" (

(

S s (80) — Yis(s0201)] < 1

t<k

~— ~— ~— ~—
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Fig. 2. The approximation (3;(-,m) of a function f

hold whenever the pertinent values of 3;, are defined. Where (s;);<) is an
increasing enumeration of the domain dom(7;).

Before we give the formal construction, let’s explain some supplementary no-
tations to be used in the construction. At any stage s, we will define a finite
sequence of intervals: lpp = [0;1] D I1s D -+ D Iy, 5. Each interval [, is
defined according to some requirement R, ) for any k < d. The definition of
a new interval I ; is related to some natural number 7, ; which is determined
by Lemma 6.2. For the effective estimation of n-divergence of (ys), r’s should
be different for different intervals. Thus r; < 74415 holds for any ¢ < d,. For
some t < dg, we define also two intervals els(t) and 1625(1:) (and accordingly the
intervals J! ) and J! , of y-axis) for the requirement R, ;. Then we choose
I or 1 623(15) alternatively as I; ; according to whether [;(vy;(m), m) enters
J2 ) or JL 1), where es(t) = (i, j). The value m used for R, at stage s is de-
noted by mg(e). In the following, we often omit the index s if it is clear from
the context. Besides, because we know only the approximation 3; ; instead of
the function ;, the definition of the intervals J! and J? is slightly different

from that mentioned above. (see Fig 2.)
The formal construction.

Stage s = 0. We define dy := 0, Iy := [0; 1], €9(0) := —1, 790 := 0, mo(e) :=0
and yo := 1/2. Stage 0 is called a 0-stage.

Stage s+ 1 = (i, J, k), for some 4, j, k € N. Let e := (i, j). If the pair (5;,~;) is
not s-proper, then go directly to the next stage. We suppose now that (/;, ;)
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is s-proper and consider the following cases.

Case 1. There is no t; < d, such that es(t;) = e. But there exist a maximal
t < d, and there are r,m € N and ¢y, ¢, ¢3, ¢4, ¢5, ¢ € I (1) such that:

Al rps <r <m <s;

A2 minl ) <c <cp < ez <y <oy <cg<maxle;

A3 ¢4 — ¢y > 27 42).

A4 min{|G;s(c3, m) — Bis(ca, m)|, |Bis(c5,m) = Bis(ca,m)[} =277,
A5 |Bis(ce,m) +27" — Big(c1,m)] < 27"

Then we say that the requirement R, requires attention (to be activated) at
this stage. We define dgt1 :=t+1,e541(t+1) := e, mgi1(€) 1= m, 141 541 =17
Set es41(t') and 7y 541 to be undefined for any ¢’ > t+1. Furthermore, we define
the intervals

Lo = c0) & 12,0 = [c5;c6]
Ji o1 = [Bis(cr,m); Bis(cs,m)] (23)
J3,3+1 = [Bis(c5,m); Bis(ce,m)+27™].

At last, let Ijyq 601 = I} and ysyq := mid(JésH). The requirement R, receives
attention of activation and the stage s 4+ 1 is called an r-stage in this case.
Notice that, the new intervals J;s 41 and Jis 41 defined in this case have the
length < 27" by (A5). Besides, ys, ys+1 belong either to the interval Jels(t)’s or
T2 (#).e0 hence [ys — yo ] <2770

e

Case 2. If e = e,4(t) for some t < d; and there exists an m > mg(e) such that
both y, and §;s(v;s(m), m) belong to the same interval J, or J; , then we

e,s?
say that R. requires attention (to jump). In this case, we define I; 411 == Ielﬁs,
Ysi1 = mid(J,,) if yo € JZ, and Iy 1 = IZ,, ysy1 = mid(JZ,) otherwise.
Besides, set dg;1 := t. The interval Iy ;11 and ezy1(¢') are undefined now for
any t' > t. The requirement R, receive attention of jumping. The stage s + 1

is called an r; ;-stage. Notice that we have also |ys — ys4+1| < 277 in this case.

In both case 1 and 2, we call that the requirement R,/ is injured at this stage
if ¢/ = e4(t') for some t < t' < d.

Case 3. If R. does not require attention in any of above sense, then go directly
to the next stage.

In all three cases, function values which is not redefined remain the same as
in stage s. This completes the construction.

To show that our construction succeeds, we prove the following sublemmas.
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Sublemma 6.3.1 For any s and t; < ty < d,, we have es(t1) < es(ts).

Proof. It follows immediately from the construction. O (sublemma)

Sublemma 6.3.2 For any e, the requirement R, requires and receives atten-
tion finitely often.

Proof. We prove the sublemma by induction on e. Suppose by induction
hypothesis that all requirement R, for ¢’ < e requires and receives attentions
at most finitely often.

Choose a minimal sy such that no requirement R, for ¢ < e requires and
receives attention after stage sg. By the minimality of sy, we have either sy = 0
or some R, (€' < e) receives attention at stage so. Then it is easy to see that,
for any s > sq,

ds > dsy & L, o = La,, s & €5(ds,) = €45,(ds,) < e (24)

If R, requires no attention after stage sq, then we are done. Otherwise, suppose
that R, requires and receives attentions after stage sy at stages s1+1 < so+1 <
s34+ 1 < ---. We will show that this sequence is finite.

Obviously, R, receives attention of activation at stage s;+1. Namely, we choose
the numbers 74, ., 5,41, Ms,11(e) and ey, - - -, ¢ which satisfy conditions (A1)~
(A5) and define four intervals I, ., IZ, 1, J!, , and JZ, .| according to
(23). As default, we define also Iy, ., 41 := I}, ;. Since R, is never injured
after stage sg, we have d; > ds, 41 and es(ds,41) = e for any s > s; + 1.
Therefore, R, can receive only attention of jumping and hence the intervals
I, 12, J! and J? will not be redefined after stage s; + 1. Notice also that, we

define ys, 1 1= mid(ly, ,) = mid(J}).

For simplicity, let m; := mg,,1(e) for any ¢ > 1 and d := d, 41. At stage so+1,
R, requires attention to jump, that is, 8;(v;(mz), ms) € J}, because Iy, = I}
and hence y;, € J!. Therefore, we have (3;(v;(ma), m1) < Bi(v;(ma), ma) <
Bi(cs, m1). This implies v;(ma) < c3. At this stage, we redefine also [,; := IZ2.

At stage s3 + 1, R, requires attention to jump again. This time we have
Bi(v;(ms3), m3) € JZ which implies 3;(v;(m3),m3) > Bi(cs,m1) > Bi(ea,ma) +
27, Now we have 7;(ms) > ¢4, otherwise, we can conclude a contradiction
that 5i(v;(ms), ms) < Bi(v;(ms), m1) + 27" < Bi(eq,ma) + 27

In general, by an induction on ¢ > 1, we can show that v;(ma) < c3 & ¢4 <
7v;(maorr1) whenever R, receives attention at stage sor + 1 and Sgr11 + 1. On
the other hand, because (8;,7;) is s;-proper for any such ¢ > 1, we have
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et |75 (ms) — vi(mgyr)| < 1. Since |cq — c3] > 2714142 this implies that
R, can receive attention at most 22=1+172 times after stage so. Therefore, R,
receives attention at most finitely often altogether. O (sublemma)

Sublemma 6.3.3 For anyt € N, e(t) := lim,_ e5(t) exists. Thus, we have
lim,_ .o ds = 00 and the limit y := lim,_, o, ys exists.

Proof. We prove the sublemma by induction on t. Suppose by the induction
hypothesis that e(t') := lims_, e5(t’) exists for any ¢’ < ¢t. Choose an sy such
that es(t') = es,(t') holds for all ' < t and s > sg. If there is an s; > s¢ such
that ds, > t, then ey, (t) is defined. Since ey, (t) can be redefined only after the
requirement R, () is injured by some requirement R, of higher priority (i.e.,
€ < eg (1)), es, (t) cannot be changed after stage s; because e(t') (t' < t) is
never changed after stage s; Therefore, limg_,, e5(t) = e, (t) exists.

Otherwise, suppose that es(t) is never defined after stage sg. Define a pair
(B8,7) of functions by B(x,n) := (1—2"")z and y(n) := 27" for any x € [0; 1]g
and n € N. Obviously, both 3 and 7 are computable. By Padding Lemma,
there are infinitely many pairs (¢, j) such that § = f3; and v = 7;. Choose a
minimal e := (7, ) such that e > e(t — 1) and § = ; and v = ;. It is not
difficult to see that R, will require and receive attention of activation at some
stage s > so. Therefore, e4(t) will be defined at stage s. This is a contradiction.

O (sublemma)

Sublemma 6.3.4 For anyi,j € N, if 3; is a determinator of a strictly mono-
tone function ¢ : [0;1] — [0;1] and satisfies conditions (13) and (14), then
there ezists t € N such that e(t) = e for e := (i, j).

Proof. Given 3; and j as in the Lemma. By Sublemma 6.3.3, there exists a
maximal o such that e(ty) < e. Choose an sq such that no requirement R,
for ¢/ < e requires and receives attention after stage so and es(t) = eg,(t)
holds for any ¢ < t; and s > sy. This implies also that I;, := I}, 5, = Iy, s and
Tty i= Tty,s0 = Tto,s 1O ANy 8 > Sg.

By Lemma 6.2, for J := I,, there are rational numbers » > r,, and a; <
as < ag < a4 from J which satisfy condition (15). Choose an m > r such that
3-27" < min{f(as) — f(as), f(as) — f(az2), f(az) — f(a1)}. Let ¢; := a1, c3 :=
a9,y := ag, cg := ay and choose cs, ¢c5 in such a way that ¢; < ¢ < 3 & ¢4 <
cs < cg, Bi(cs,m) — Bi(ca,m) > 2™ and F;(c5, m) — Bi(cq, m) > 277, (see Fig.
2.) By the choice of m, such ¢y, ¢5 exist.

Let s; > sg such that 3; (7,5 (m), m) and 5; 5, (cy, m) (for v € {1,2,---,6})
are all defined. Then, at some stage s = (i, j,k) > s; (for some k € N) the
requirement R, requires and hence receives attention of activation. At this
stage, we define e4(tp+ 1) := e. Since R, is never injured after stage s, we have
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e(fto+1)=es(to+1) =e. O (sublemma)

Sublemma 6.3.5 y satisfies all requirements R.. Therefore, y ¢ CMIF(WC).

Proof. Let e = (7, j). Suppose that (3; is a determinator of a strictly monotone
function f, (3; satisfies conditions (13) and (14), > .en |[75(s) — (s +1)] <1
and z. = lim,_. Gi(7;(s), s) exists. We will show that z. # y. First notice
that the pair (f;, ;) is s-proper for any s.

By Sublemma 6.3.4, there are ¢ and sy such that e = e(t) = e4(t) for any
s > so. Obviously, we have also I, = Iy, I} = I}, and J! = J, for u = 1,2
and all s > sg. Suppose that I; = I! (the case for I; = I? can be discussed
similarly). Then by construction we have y, € J! for any s > sy and hence
y € J!. In fact y must be an inner point of the interval J! because of condition

A3.

Assume by contradiction that y = z.. There is an m > mg(e) such that
Bi(v;(m),m) € J!. Therefore, there exists an s; > max{m,so} such that
Ysis Bis (7,51 (m),m) € J!, . That is, the requirement R, requires and hence
receives attention at stage s;+ 1. Thus ey, 11 (¢) will be redefined at stage s;+1.
A contradiction. O (sublemma)

Sublemma 6.3.6 Let h(n) := X, ., hi(m), where hy is defined inductively
by hi(0) := 1 and, for any n > 0, hy(n) = .o, hi(m) - 22"72. For any
n € N, the n-divergence of the sequence (ys) is bounded by h(n). Therefore y
18 divergence-bounded computable real numbers.

Proof. By construction, a new element y, is defined if and only s is an r-stage
for some r € N. Furthermore, if y,,; is defined at an r-stage s + 1, then we
have |ys — ys+1| < 27". Denote by S, the set of all r stages and S, := U, Si.
Then the n-divergence of (ys) is bounded by [S.,|. Now we will show by
an induction on n that |S,| < hi(n) for any n € N. Suppose by induction
hypothesis that |S,,| < hi(m) holds for any m < n. Let so < s1 < -+ < sp,
be all elements of S.,,. From the proof of Sublemma 6.3.1, it is easy to see
that, between any stages s; and s;41 (for i < k) or after stage sj there are at
most 2272 p-stages. Thus, |S,| < |S<pn| 22772 < 30 ha(m) - 22772 = By (n).
Therefore, we can conclude that |S<,| < ¥,,., hi(m) = h(n), that is, the
n-divergence is bounded by h(n). O (sublemma)

It is clear that the real number y is divergence bounded computable real
numbers by Sublemma 6.3.6. Then y € CTF(WC) by Theorem 2.3. On the
other hand, by Sublemma 6.3.5, we know that y ¢ MON(WC). This completes
the proof of the theorem. O
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