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Abstract. In effective analysis, various classes of real numbers are dis-
cussed. For example, the classes of computable, semi-computable, weakly
computable, recursively approximable real numbers, etc. All these classes
correspond to some kind of (weak) computability of the real numbers.
In this paper we discuss mathematical closure properties of these classes
under the limit, effective limit and computable function. Among others,
we show that the class of weakly computable real numbers is not closed
under effective limit and partial computable functions while the class of
recursively approximable real numbers is closed under effective limit and
partial computable functions.

1 Introduction

In computable analysis, a real number x is called computable if there is a com-
putable sequence (z,)nen of rational numbers which converges to z effectively.
That is, the sequence satisfies the condition that |z, — x| < 27", for any n € N.
In this case, the real number z is not only approximable by some effective proce-
dure, there is also an effective error-estimation in this approximation. In practice,
it happens very often that some real values can be effectively approximated, but
an effective error-estimation is not always available. To characterize this kind
of real numbers, the concept of recursively approximable real numbers is intro-
duced. Namely, a real number x is recursively approximable (r.a., in short) if
there is a computable sequence (z,)nen of rational numbers which converges to
x. Tt is first noted by Ernst Specker in [15] that there is a recursively approx-
imable real number which is not computable by encoding the halting problem
into the binary expansion of a recursively approximable real numbers.

The class C. of computable real numbers and the class C,, of recursively
approximable real numbers shares a lot of mathematical properties. For exam-
ple, both C. and C,, are closed under the arithmetical operations and hence
they are algebraic fields. Furthermore, these two classes are closed under the
computable real functions, namely, if = is computable (r.a.) real number and f
is a computable real function in the sense of, say, Grzegorczyk [6], then f(z) is
also computable (resp. r.a.).

The classes of real numbers between C, and C,, are also widely discussed
(see e.g. [12,13,4,2,18]). Among others, the class of, so called, recursively enu-
merable real numbers might be the first widely discussed such class. A real



number z is called recursive enumerable if its left Dedekind cut is an r.e. set
of rational numbers, or equivalently, there is an increasing computable sequence
(xn)nen of rational numbers which converges to x. We prefer to call such real
numbers left computable because it is very naturally related to the left topology
T< := {(a;00) : a € R} of the real numbers by the admissible representation
of Weihrauch [16]. Similarly, a real number z is called right computable if it is
a limit of some decreasing computable sequence of rational numbers. Left and
right computable real numbers are called semi-computable. Robert Soare [12,13]
discusses widely the recursion-theoretical properties of the left Dedekind cuts of
the left computable real numbers. G. S. Ceitin [4] shows that there is an r.a. real
number which is not semi-computable. Another very interesting result, shown by
a series works of Chaitin [5], Solovay [14], Calude et al. [2] and Slaman [10], says
that a real number z is r.e. random if and only if it is an 2-number of Chaitin
which is the halting probability of an universal self-delimiting Turing machine.
We omit the details about these notions here and refer the interested readers to
a nice survey paper of Calude [3].

Although the class of left computable real numbers has a lot of nice prop-
erties, it is not symmetrical in the sense that the real number —z is right
computable but usually not left computable for a left computable real num-
ber z. Furthermore, even the class of semi-computable real numbers is also not
closed under the arithmetical operations as shown by Weihrauch and Zheng [18].
Namely, there are left computable real numbers y and z such that y— z is neither
left nor right computable. As the arithmetical closure of semi-computable real
numbers, Weihrauch and Zheng [18] introduces the class of weakly computable
real numbers. That is, a real number z is weakly computable if there are two left
computable real numbers y and z such that = y—z. It is shown in [18] that z is
weakly computable if and only if there is a computable sequence (zy)neny which
converges to x weakly effectively, i.e. lim, ooz, = @ and >~ |2n — Tni1| is
finite. By this characterization, it is also shown in [18] that the class of weakly
computable real numbers is an algebraic field and is strictly between the classes
of semi-computable and r.a. real numbers. In this paper we will discuss other
closure properties of weakly computable real numbers for limits, effective limits
and computable real functions. We show that weakly computable real numbers
are not closed under the effective limits and partial computable real functions.
For other classes mentioned above, we carry out also a similar discussion.

At the end of this section, let us explain some notions at first. For any set
A CN,denote by .4 := 3", 27" the real number whose binary expansion cor-
responds to set A. For any k € N, we define kA := {kn : n € A}. For any function
f:N— N, aset A is called f-r.e. if there is a computable sequence (Ay)nen of
finite subsets of N such that A = U;enyNj>; Aj and [{s:n € A;AA; 11} < f(n)
for all n € N, where AAB := (A\B) U (B\A). If f(n) := k is a constant func-
tion, then f-r.e. sets are also called k-r.e. A is called w-r.e. iff there is a recursive
function f such that A is f-r.e.



2 Computability of Real Numbers

In this section we give at first the formal definition of various versions of com-
putability of real numbers and then recall some important properties about these
notions. We assume that the reader familiar the computability about subsets of
the natural nmbers N and number-theoretical functions. A sequence (zp)nen of
rational numbers is computable iff there are recursive functions a,b,c: N — N
such that 2, = (a(n)—b(n))/(c(n)+1). We summarize the computability notions
for real numbers as follows.

Definition 1. For any real number = € R,

1. x is computable iff there is a computable sequence (z,)nen of rational
numbers such that z = lim,, . ©,, and Vn (|2, — xp4+1] < 27"). In this case, the
sequence (Zn)nen is called fast convergent and it converges to z effectively.

2. x is left (right) computable iff there is an increasing (decreasing) com-
putable sequence (2, )nen of rational numbers such that = limy,_,o0 ©p. Left
and right computable real numbers are all called semi-computable.

3. z is weakly computable (w.c. in short) iff there is a computable sequence
(2 )nen of rational numbers such that = lim, . T, and > 0" |2y — Tp41] is
finite. (@, )nen is called converging to « weakly effectively.

4. x is recursively approximable (r.a., in short) iff there is a computable se-
quence (zp)nen of rational numbers such that z = lim, o .

The class of computable, left computable, right computable, semi-computable,
w.c., r.a. real numbers is denoted by C., C;., C,.., Cs., Cye, Crq, respectively.

As shown in [18], the relationship among these classes looks like the following

Clc

Ce = Clc N C’I’C g_ Crc

g_ Csc = Clc U Crc g_ ch g_ Cra-

Note that in above definition, we define various versions of computability
of real numbers in a similar way. Namely, a real number z is of some version
of computability iff there is a computable sequence of rational numbers which
satisfies some special property and converges to x. For example, if P.[(z,)]
means that (z,)ney is increasing, then z € Cy. iff there is a computable sequence
(2n)nen of rational numbers such that Py.[(x,)] and lim,, oo 2, = x. In general,
for any reasonable property on sequences, we can define a corresponding class of
real numbers which have some kind of (weaker) computability. This can even be
extended to the case of sequences of real numbers as in the following definition.

Definition 2. Let P be any property about the sequences of real numbers. Then

1. A real number z is called P-computable if there is a computable sequence
(2n)nen of rational numbres which satisfies property P and converges to x. The
class of all P-computable real numbers is denoted by Cp

2. A sequence (zp)nen of real numbers is called P-computable, or it is a
computable sequence of Cp iff there is a computable double sequence (7 )nmen
of rational numbers such that (7pm)men satisfies P and limy, o0 rnm = 2y for
all n € N.



3. The class Cp is called “closed under limits’, iff for any computable se-
quences (zp)nen of Cp, the limits z := lim,_ .z, is also in Cp whenever
(xn)nen satisfies P and converges.

4. The class Cp defined in 2. is called “closed under effective limits”, iff
for any fast convergent computable sequences (zp)nen of Cp, the limits z :=
lim,, .o x5, is also in Cp.

Now we remind the notion of computable real function. There are a lot of ap-
proaches to define the computability of real functions. Here we use Grzegorczyk-
Ko-Weihrauch’s approach and define computable real function in terms of “Type-
two Turing Machine” (TTM, in short) of Weihrauch.

Let X be any alphabet. X* and X°° are sets of all finite strings and infinite
sequences on Y/, respectively. Roughly, TTM M extends the classical Turing ma-
chine in such a way that it can be inputed and also can output infinite sequences
as well as finite strings. For any p € X* U X*°, M(p) outputs a finite string ¢,
if M(p) writes ¢ in output tape and halt in finite steps similar to the case of
classical Turing machine. M (p) outputs an infinite sequence ¢ means that M (p)
will compute forever and keep writing ¢ on the output tape. We omit the formal
details about TTM here and refer the interested readers to [16,17]. We will omit
also the details about the encoding of rational numbers by X* and take directly
the sequences of rational numbers as inputs and outputs to TTM’s.

Definition 3. A real function f :C R — R is computable if there is a TTM M
such that, for any « € dom(f) and any sequence (un)nen of rational numbers
which converges effectively to @, M ((un)nen) outputs a sequence (vp)nen of
rational numbers which converges to f(x) effectively.

Note that, in this definition we do not add any restriction on the domain of
computable real function. Hence a computable real function can have any type
of domain, because f [ A is always computable whenever f is computable and
A C dom(f). Furthermore, for a total function f : [0,1] — R, f is computable
iff f is sequentially computable and effectively uniformly continuous (see [9]).

Definition 4. For any subset C C R,

1. C is closed under computable operators, iff f(x) € C for any € C and
any total computable real function f : R — R.

2. C is closed under partial computable operators, iff f(z) € C, for any x € C
and any partial computable real function f :C R — R with « € dom(f).

Following proposition follows immediately from the definition. Remember
that, A C N is AY iff A is Turing reducible to the halting problem (.

Proposition 1. 1. z4 € C, < A is rcursive.

2. 14 € Cpqy < A is a AY-set, or equivalently, A <r .

3. C. and C,, are closed under arithmetical operations +, —, X and =, hence
they are algebraic fields.

4. Ce¢ are closed under limits and computable real functions.



5. Ci. and C,.. are closed under addition.
Some other non-trivial closure properties are shown in [18] and [19].

Theorem 1 (Weihrauch and Zheng). 1. C,. is not closed under addition,
i.e. there are left computable y and right computable z such that y+ z is neither
left nor right computable.

2. Cye 18 closed under arithmetical operations. In fact C.,. is just the closure
of Cse under the arithmetical operations.

It is not very surprising that the classes C;. and C,. are not closed under
“subtraction” and, in general, under computable real functions, because they are
not symmetrical. On the other hand, the class C,,. is symmetrical and closed un-
der arithmetical operations. So it is quite natural to ask whether it is also closed
under limits and computable real functions. In the following we will give the neg-
ative answers to both questions. To this end we need the following observations
about weakly computable real numbers.

Theorem 2 (Ambos-Spies, [1]). 1. If A, B C N are incomparable under Tur-
ing reduction, then x 4,7 is not semi-computable.

2. For any set A C N, if xo4 is weakly computable, then A is f-r.e. for
f(n) :=23" hence A is w-r.e.

Theorem 3 (Zheng [20]). There is a non-w-r.e. AS-set A such that x4 is
weakly computable.

3 Closure Property under Limits

In this section, we will discuss the closure properties of several classes of real
numbers under limits. We first consider the classes of left and right computable
real numbers. The following result is quite straightforward.

Theorem 4. The classes of left and right computable real numbers are closed
under limits, respectively.

For semi-computable real numbers, the situation is different.
Theorem 5. The class Cg. is not closed under limits.
Proof. Define, for any n, s € N, at first the following sets:
A:={eeN: g, is total}
A, ={eeN: (Vo <n)pc(z) |}

Aps:={eeN: (Vo <n)pcs(z) |}
Since Ay, s € Acsy1. (24, )n,sen is obviously a computable sequence of rational
numbers such that, for and n € N, (24, ,)sen is nondecreasing and converges to
x4, . That is, (z 4, )nen is a computable sequence of Cy., hence it is a computable

sequence of Cg.. But its limit x 4 is not semi-computable. In fact x 4 is even not
r.a. by Proposition 1, since A is not a AY-set. 0



Note that in above proof, as a computable sequence of Cy¢, (x4, )nen is also
a computable sequence of C,. and C,,. Then the folowing corollary follows
immediately.

Corollary 1. The classes Cye and C,q are not closed under the limit.

Now we discuss the closure property under the effective limits. We will show
that the class of semi-computable real numbers is closed under effective limits
and the class of weakly computable real numbers, hence also the class of r.a. real
numbers, is not closed under effective limits.

Theorem 6. The class Cs. is closed under the effective limits.

Proof. Let (z)nen be a computable sequence of Cgy. which satisfies the condition
that Vn(|z, — Tpy1] < 27™+) and converges to 2. We shall show that z € Cj,.

By Definition 2, there is a computable sequence (7;); jen of rational numbers
such that, for any n € N, (r,,;)nen is monotonic and converges to z,. For any
n, we can effectively determine whether x,, is left or right computable by com-
paring, say, 10 and r,1. Therefore, the sequence (2,)nen can be split into two
computable subsequences (zp,)ieny and (@m,)ien of left and right computable
real numbers, respectively. At least one of them is infinite. Suppose w.l.o.g.
that (xy,);en is an infinite sequence. Obviously it is also a fast convergent com-
putable sequence, i.e., |z,, — Zp,,,| < 27", since (zy)nen converges fast. Define
a new sequence (Yp)nen by yi := n, — 27071, Since yip1 = 7y, — 270 =
(Tnisy — Ty +27 4 (2, —2707Y) > 2, — 27071 = 4 (yy)ien is an increasing
sequence. Let r; := r;; — 27071, Then (r};); jen is a computable sequence of
rational numbers such that, for any i, (r];);jen is increasing and converges to
yi. Namely, (y;)ien is an increasing computable sequence of C;.. By Theorem 4,
its limit lim; o0 v = lim; 00 T, = lim; o0 z; = x is also left computable, i.e.,
z € Cj. C Cge. O

Theorem 7. The class Cy is not closed under effective limits.

Proof. Suppose by Theorem 3 that A is a non-w-r.e. AY-set such that z4 is
weakly computable. Then x54 is not weakly computable by Theorem 2. Let
(As)sen be a recursive approximation of A such that (z4,)sen converges to x4
weakly effectively, i.e. Y oo |ra, — za,,,| < C for some C € N. Define, for
n,s € N,

Bps:=2(As [ (n+1))U(As | 2n)

)

B, :=2(A] (n+1))U(A] 2n)

It is easy to see that (B s)n,sen is a computable sequence of finite subsets
of N, hence (zB, ,)n,sen is a computable sequence of rational numbers.
Since lims_,oo As = A, there is an N(n), for any n € N such that, for any

s> N(n), As | (n+1)= A (n+1). Let C; = >N |ap, . —ap, .,,|- Then

N
Z?;O |xBn,s - ‘an,s+l| = ZS:(g) |:1:Bn,s - :ljBn,s+1| + Z?;N(n)

xBn,s - xBn,s+l ‘



=C1+ Z:‘;N(n) |Ta, ., — 24, ...| < C1+4 C. On the other hand, it is easy to
see that lim, .o B, , = wB,. Therefore, the sequence (zp, ,)n,sen converges
to xp, weakly effectively. Hence (g, )nen is a weakly computable sequence of
real numbers. By the definition of By, B,A2A4 C {2n+1,2n+2,...}. It follows
that |, — x24| < 272" < 27" This means that (zp, )ney converges to raa
effectively and this ends the proof of the theorem. a

Theorem 8. The class C,q is closed under effective limits.

Proof. Let (zp)neny be any computable sequence of C,, which converges ef-
fectively to xz. Assume w.l.o.g. that it satisfies, for all n € N, the condition
|Zn, —xpi1| < 271 By Definition 2, there is a computable sequence (7;;); jen
of rational numbers such that, for any n € N, limg_, o 75 = z,,- We shall show
that z € C,,.

It suffices to construct a computable sequence (us)sen of rational numbers
such that lims .o, us = 2. This sequence will be constructed from (r;;)i jey in
following stages:

The construction of sequence (us)sen:

Stage s = 0: Define ug := roo, £(0,0) := 0 and i(0) := 0.

Stage s + 1: Given i(s), ug, ..., u;s) and £(j, s) for all j < s. If there is j < s
satisfying |us(j—1,5)—7js| < 2701 such that either ¢(j, s) # —1 & |ug(j )~ 75| >
270U+t or t(j —1,5) # —1 & t(j, s) = —1, then choose jy as minimal such j and
define

i(s+1) :=i(s)+1

Uj(s+1) = Tjo,s
(*) t(j, $) if0<j<jo
t(j, s+ 1) = q i(s) +1 if j = jo
1 if jo<j<s+1.

Otherwise, if no such j exists, then define, i(s + 1) :=i(s), t(s+1,s+1) := —1
and t(j,s + 1) :=t(j, s) for all j < s.

To show this construction succeeds, we need only to prove the following
claims.

1. For any j € N, the limit ¢(j) := lims_.o t(J, s) exists and satisfies the condi-
tions that ¢(j) # —1 and |uy(j) — a5 < 270+,
2. limg_, o i(s) = +oc.
3. For any j € N, (Vs < t(4))(Jue(jy — us| < 277).
Now it is clear that the sequence (us)sen constructed above is a computable
infinite sequence of rational numbers. Furthermore, this sequence converges to
x. This completes the proof of Theorem. a

4 Closure Property under Computable Operators

In this section we will discuss the closure property under computable operators.
The following result about left and right computable real numbers is immediate
by the fact that the real function f defined by f(z) = —z is computable.



Proposition 2. The classes Cj. and C,. are not closed under the computable
operators, hence is also not closed under partial computable operators.

To discuss the closure property under partial computable operators for other
classes, we will apply the following observation of Ko [7].

Theorem 9 (Ker-I Ko [7]). For any sets A,B C N, A <p B iff there is a
(partial) computable real function f:C R — R such that f(xp) = x4.

From this result, it is easy to show that a lot of classes of real numbers are
not closed under the partial computable operators.

Theorem 10. The classes Cy. and Cy. are not closed under the partial com-
putable operators. The class Crq, is closed under partial computable operators.

Proof. 1. For class Cg.. By Muchnik-Friedberg Theorem (see [11]), there are
two r.e. sets A and B such that they are incomparable under Turing reduction.
Then z 4,7 is not semi-computable by Theorem 2. On the other hand, zagp
is left computable since A @ B is r.e. Obviously, we have the reduction that
A® B <r A® B. By Theorem 9, there is a computable real function f such
that f(zaep) = x 445 Therefore, Cs. is not closed under partial computable
operators.

2. For class C,,.- By Theorem 3, there is a non-w-r.e. set A such that x4
is weakly computable. On the other hand, z24 is not weakly computable by
Theorem 2 since 2A is obviously not w-r.e. Because 24 <r A, by Theorem 9,
there is a computable real function f such that f(z4) = x24. That is, Cyy is
not, closed under the partial computable operators.

3. For class C,, it follows immediately from the fact that a real number z 4
is r.a iff A is a A%-set and the class of all AY-sets is closed under the Turing
reduction, i.e. if A <r B and B is AY-set, then A is also A9-set. O

It is shown in Theorem 1 that the class Cg. is not closed under addition.
Hence it is not closed under the polynomial functions with several arguments.
Namely, if p(z,---,zn), n > 2, is a polynomial with rational coefficients and
ai, - - -, ap are semi-computable real numbers, then p(a, - - -, an) is not necessary
semi-computable. But for the case of n = 1, it is not clear. Furthermore it is also
not, known whether the class of semi-computable real numbers is closed under
the total computable real functions.

Similarly, it remains still open whether the class C,, is closed under (total)
computable operators. We guess it is not. One possible approach is to define a
computable real function which maps some weakly computable x 4 for a non-w-
r.e. set A to a not weakly computable real number x54. Using the idea in the
proof of Theorem 9, it is not difficult to show that there is a computable real
function f :C R — R such that f(z4) = 294 for any irrational x 4. Unfortu-
nately, such function cannot be extended to a total computable real function as
shown by next result.



Theorem 11. 1. Let f:C N — N be a function such that f(x4) = xa4 for any
irrational x 4. If x 4 is a rational number, then there is a sequence (Tp)nen of
irrational numbers such that limy, oo Ty = 224 and lim, oo f(2n) = T24.

2. The function f : [0;1] — R defined by f(xa) := x24 for any A C N is not
continuous at any rational points, hence it is not computable.

Proof. 1. Suppose that function f :C N — N satisfies f(zxa) = w24 for any
irrational x 4. Let x4 be rational, hence A is a finite set. We define a sequence
() nen of irrational numbers by z, := x4 ++v/2-2~ (1D, Let ng be the maximal
element of A. Define a set A, by z4, = V2. 2= (1) for any n € N. Then for
any n > ng, x4, <27 < 27", This implies that A,, contains only the elements
which are bigger than ng. Therefore, for any n > ng, AN A, = 0 and f(z,) =
flaa+V2-270)) = faa +34,) = f(Tava,) = Taaua,) = TA)UEA,) =
ToA + 24, . Since lim, oo x4, =0, it is easy to see that lim,_,~ x24, = 0 too.
So we conclude that lim, . f(2n) = T24.

2. Suppose that f : [0;2] — R satisfies f(x4) = x24 for any A C N. For any
rational x4, A is finite. Let ng be the maximal element of A and A’ := A\{ng}
and define, for all n € N, a finite set Ay, by 4, := A’U{ng+1,n0+2,---,ng+n}.
Then it is easy to see that lim,_ .. x4, = 4. On the other hand we have:

n
f(xa,) =24, = 24/ + Z 9—2(no+i)
i=1
= T4 — 272710 + 272710 . (1 . 27271)/3

This implies that lim, .o f(74,) = 194 — 27201 /3 £ 25 4. O

In summary, the closure properties of several classes of real numbers under
arithmetic operations (+, —, x and =), limits, effective limits, partial com-
putable operators and computable operators are listed in the following table:

arithmetic effective | computable | partial computable
operations | limits | limits operators operators

C. Yes Yes Yes Yes Yes

C. No Yes Yes No No

C,e No Yes Yes No No

C,. No No Yes ? No

Cue Yes No No ? No

Cra Yes No Yes Yes Yes
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