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Abstract. A real number x is called binary enumerable, if there is an
effective way to enumerate all “1”-positions in the binary expansion of x.
If at most k corrections for any position are allowed in the above enumer-
ations, then z is called binary k-enumerable. Furthermore, if the number
of the corrections is bounded by some computable function, then x is
called binary w-enumerable. This paper discusses some basic properties
of binary enumerable real numbers. Especially, we show that there are
two binary enumerable real numbers x and y such that their difference
2 — y is not binary w-enumerable (in fact we have shown that it is even
of no “w-r.e. Turing degree”).

1 Introduction

There are many different ways to represent a real number by rational numbers.
One of them is the binary expansion. In this way, any real number = € [0;2]
corresponds naturally to a subset A C N in the sense that z =) ., 27", i.e.,
A consists of all “1”-positions in the binary expansion of z. If we choose the
finite set A to correspond to the rational number z, then such correspondence
is one-to-one. We will call such set A a binary set of x and the real number x
(which is usually denoted by x4) is called a binary real number of A. It is well
known that x4 is a computable real number, if and only if A is a recursive set.
If a set A is recursively enumerable (r.e.), then its binary real number x4 is a
limit of an increasing computable sequence of rational numbers, i.e., it is left
computable (see [13]). As it is observed by Jockusch (see [9]), the converse is not
true. That is, there is a left computable real number such that its binary set is
not r.e.

It is well known that, a real number x is computable, if and only if its binary
expansion is computable, namely, we can effectively write either “0” or “1” one
bit after another. A correction in this procedure is not allowed. That is, if some
bit “0” or “1” is written at some stage, then it cannot be changed later any
more.

In the practice, the situation may be different. If we want to determine some
real number z by giving its binary expansion, we will begin with an empty string
(i.e., all bits are assumed to be “0” at the beginning) and write longer and longer



strings of “0” and “1” to approximate x. In some stages, we may have to change
some bits from “1” back to “0” and vice versa. According to the numbers of
changes which are allowed in the this procedure, we get different type of the real
numbers. Since additional 0’s at the end of our binary expansions do not change
its value, we can assume that, before a “1” is written first time to some position,
there is already a “0” been written there. Then the first change at any position,
if any, can only be from “0” to “1”. If at most one change at any position is
allowed, then the binary set of corresponding real number is r.e. and such real
numbers are called binary enumerable. Therefore, x is binary enumerable, if and
only if there is an r.e. set A C N such that x = 2 4. Generally, we get a bigger
class of real numbers which has less “effectivity”, if more changes are allowed.
For example, if k changes are allowed for any position, then the corresponding
real numbers are called binary k-enumerable. More generally, if the number of
such changes is bounded by some recursive function (respect to the positions)
instead of some fixed number, then the corresponding real numbers are called
binary w-enumerable.

It is worth noting that the binary k-enumerability defined above is not sym-
metric with respect to “0” and “1” positions. Our definition corresponds to the
(k-)enumerability of binary set A of the real number x 4. That is, x4 is binary
k-enumerable iff A is k-r.e. (See Definition 1). Thus, the binary enumerability
is not closed under the operation of “—” which similar to that the k-r.e.ness of
subsets of N is not closed under the set operations of complement. In fact, our
main result of this paper shows that there are binary enumerable real numbers
z and y such that z — y is not binary w-enumerable.

W.l.o.g., we consider only the real numbers in the interval [0; 2] in this paper.
For other real numbers, say ¥, outside this interval, there is a natural number n
and an z € [0; 1] such that y = n + z. Intuitively = and y have completely same
type of computability in any reasonable sense.

We conclude this section by introducing some notations. Let X' := {0, 1} be
an alphabet and N be the set of natural numbers. Denote by X* and X the set
of binary strings and the set of infinite sequences over X, respectively. Strings
are denoted by lower case letters u, v, w. The concatenation of two strings x and
y is denoted by zy; |u| denotes the length of the string u; A is the empty string
which has the length 0; < is the length-lexicographical ordering on X*. The ith
bit of the string u is denoted by u(i), so u := u(0)u(1) - - -u(]z| — 1). For any set
A C N, its characteristic sequence is also denoted by A. For A C N and n € N,
let A | n denote the finite initial segment of A below n, i.e. A [ n:={i: i<
n & i € A}. We identify this initial segment whith its characteristic string, i.e.
Aln=A0)A1)---A(n — 1) € X*. Similarly, we define the initial segment of
uwe€ X* below n € Nby u [ n:=u(0)u(l)---u(n—1)ifn < |ujand u [ n:=u
otherwise. If u = A | n for some n € N, then we denote that u — A. Thus the
length-lexicographical order on X* can be extended to X* U XY by u < A <—
A& u<v)and A<u < FvwC A&v<u)for any x € X* and
A€ X¥. For A CN, we define A, to be the set of all finite binary strings which
are “left” the infinite binary sequence A, i.e. Ay, :={u € X* : u < A}.



2 Ershov Hierarchy and Weak Computable Real
Numbers

In this section we will recall at first the definition of Ershov Hierarchy on subsets
of natural numbers and discuss some relationships between this hierarchy and
weak computability of real numbers.

Definition 1 (Putnam, [7] Gold [4] and Ershov [3]).

1. Let A : N — N be any function. A set A C N is called h-r.e., if there is a
computable sequence (A;)sen of finite subsets of N such that
(a) Ag=0;

[ee] [ee]
(b) A= lim A;:= |J [ 4s; and
§—00 n=0s=n
(¢c) VneN([{seN:n¢e A;11 A A} < h(n)).
where A is defined by BAC := (B\C) U (C\B). The sequence (A;)sen is
called an effective h-enumeration of A.

2. Set A C N is called w-r.e., if A is h-r.e. for some recursive function h. In this
case, the sequence (As)sen is called an effective w-enumeration of A and h
is a bounding function of this enumeration.

3. If h is a constant function with h(x) := k, then the h-r.e. set A C N is called
k-r.e. The sequence (As)sen is called an effective k-enumeration of set A.

So, in particular, the empty set is the unique O-r.e. set and the 1-r.e. sets are
the r.e. sets. The 2-r.e. are usually called d-r.e. as they are the differences of
the r.e. sets, i.e., A is d-r.e., iff A = B\C for some r.e. sets B and C. Similarly,
Ais (k+1)-r.e., iff there are r.e. set B and k-r.e. set C such that B\C'. A Turing
degree is called (k-) r.e. if it contains at least one (k-) r.e. set.

Definition 2. For any oo € Nt or a = w, a real number z is called binary a-
enumerable, if there is an integer n and an a-r.e. set A such that x = n + x 4.
The class of all binary a-enumerable real numbers is denoted by B,

Weihrauch and Zheng [13] call a real number x left (right), computable if there
is an increasing (decreasing) sequence of rational numbers which converges to z.
Left and right computable real numbers are called semi-computable. The class
of semi-computable real numbers is denoted by C;.

Theorem 1 (Weihrauch and Zheng [13]). For any k € N.

1. There is a real number x € B11\Br such that x is left computable.

2. There is a real number x € B, with x & By for any k € N such that x is left
computable.

3. There is real number x € By such that x is not left computable.

By Theorem 1, a left computable real number can have a (k + 1)-r.e. binary
set which is not k-r.e. or even have an w-r.e. binary set which is not k-r.e. for
any k € N. But next theorem shows that they must tt-equivalent to some r.e.
set.



Theorem 2 (Ambos-Spies [1], Jockusch [5]). For any set A C N, x4 is left
computable, if and only if Ar is r.e. Therefore, if xa is semi-computable, then
A has an r.e. tt-degree.

The converse of Theorem 2 is not true because it is shown in [13] (Theorem
5) that there are r.e. sets B, C' C N such that B® C, which has an r.e. tt-degree,
has a non-semi-computable binary real number.

Theorem 3. A real number x4 is semi-computable, if and only if Ay is k-r.e.
for some k € N.

Proof. The part of “=-" is obvious. We prove here the part of “<” and only for
the case of k = 2. For other k£ > 2, the idea is similar.

Let A;, = B\C and B,C C X* are r.e. sets. If C' has a least element g, then
AL = BN (X*Jug) :={v € Z* : v < up&wv € B} is an r.e. set. This implies that
x4 is left computable.

Suppose that C has no least element. We can define a computable sequence
{us}sen of finite strings such that us € C' and us41 < us for any s € N. That is,
{us}sen is a decreasing sequence which has the limit, say, x4 =: limg_, o0 us. If
A = A’, then A is right computable. Suppose that A # A’, hence that 4 < T 4.
There is an n € N such that x4 — x4 > 27"

If A’(m) = 0 for almost all m € N, hence (Vn > myg) (4’(m) = 0) for some
mo € N, then u > (A’ [ mg) for all u € C. This implies that Ay, is r.e. again.

Suppose that there are infinite many m such that A’(m) = 1. Choose an
m > n such that A’(m) = 1, let v =: (A’ | m)0. Then we have z4 < v < x4
since (x4 —v) < 27" It follows that A, = BN (X* | v) is an r.e. set again.
Thus z4 is left-computable.

As an natural extension of semi-computable real numbers, Weihrauch and
Zheng [13] introduced the class of weakly computable real numbers.

Definition 3. A real number z is called weakly computable (w.c. for short), if
there are two semi-computable real numbers y, z such that x+ = y + z. The set
of all weakly computable real numbers is denoted by Cs.

For example, if A := B\ C is a d-r.e. set with r.e. sets B and C, then BUC
is also r.e. set. So x4 is weakly computable because 4 = rzpuc — xc. More
generally, we can show by an easy induction on k, that if A is a k-r.e set, k > 1
then x4 is a weakly computable real number. Furthermore, The class C; is a
closed field generated by C; as shown in [13]. The class of weakly computable
reals has another characterization as follows.

Theorem 4 (Weihrauch and Zheng [13]). A real number x is weakly com-
putable, iff there is a computable sequence (zp)nen of rational numbers which
converges to x weakly effectively, i.e., the sum of its jumps > oo |Tnt1 — | is

bounded.



It follows immediately from Theorem 1 that the class of w.c. real numbers
extends the class of semi computable real numbers properly, since x4 is w.c. if
A is d-r.e. This implies also that there are two semi-computable real numbers
such that their sum is not semi-computable.

Now we will prove a result about Turing degrees. By Definition, the re-
cursive Turing degree 0 comnsists of only recursive sets. We will show that any
nonrecursive r.e. degree contains a set whose binary real number is w.c. but not
semi-computable. We will also show that the binary sets of weakly computable
real numbers do not exhaust all w-r.e. sets. These results follow immediately
flowing observation of Ambos-Spies [1].

Theorem 5 (Ambos-Spies [1]).

1. If B, C are r.e. sets such that B|pC, then Tpag 18 not semi-computable.
2. Assume that x aqp is weakly computable. Then A is f-r.e. for f(n) = 23".

Theorem 6. For any nonrecursive r.e. Turing degree a, there is a set A € a
such that x4 is weakly computable but not semi-computable.

Proof. Let a be a nonrecursive r.e. Turing degree. By Sacks’ Splitting Theorem
[8] there exist two incomparable r.e. degrees bg, by such that a = bgVb;. Choose
r.e. sets By € bg and By € by and define set A =: By® B;. Obviously, Aisad-r.e
set. So x4 is weakly computable. On the other hand, it is not semi-computable
by (1) of Theorem 5, since By|7Bi.

Theorem 7. There exists a binary w-enumerable real number x such that x is
not weakly computable, i.e., B, C Ca.

Proof. Let f(n) =: 22" and g(n) =: 2*". Then g(n) > f(n) for all n € N. By a
result of Ershov [3], there is a g-r.e. set A’ which is not f-r.e. Let A =2 A’ @& .
By (2) of the Theorem 5, 24 is not weakly computable. But A", hence A is w-r.e.
since ¢ is a recursive function.

3 More Complicated Weakly Computable real numbers

In this paper, we will construct two binary enumerable real numbers = and y
such that their difference z := x —y is not binary w-enumerable. In fact we prove
even more that the binary set of z has no w-r.e. Turing degree. Our proof here is
a sophisticated finite injury priority construction. In the proof, we will use the
following three kinds of the restriction of a subset of IN:

Aln:={reA:z<n};
Aln:={zeA:z>n};
Al (nym):={zeA:n<z<m}.

We show at first a technical lemma whose proof is straightforward.



Lemma 1. Let A, B,C C N be finite sets such that 4 = x5 — 1c and n,m and
y be any natural numbers. Then the following hold.

1. max A < max(BUC);
2.IfBln=C|n, thenmaxA<nandn€ A <= ne€ B\C,
3. If nym e B\C, n<y<m and (B[ (n;m))\{y} = (C | (n;m))\{y}, then
n¢ A < yeC\B;
4. If ko, = ap, — 10, (BUC) [ (n+1)=(B1UCY) [ (n+1) and n € B\C,
then A n= A | n.
5. Suppose that m <y <n, n € A.
(5.a) If me€ A, zar =34 — 27 and A | (m;n) =0,
then A" := (A\{mpHuUu{m+1,m+1,...,y}.
(5.0) Ifmg A, xzar =x4+2Y and A (myn)={m+1,m+2,... y}, then
A= (Au{m})\{m+1,...,y}.

For the proof of our next result, we recall some standard recursion-theoretical
notations. (More detail explanations of these notations can be found in, e.g.,
[10,6].) Let (M2 : e € N) be an effective enumeration of all (type one) Turing
machines (with oracle A) and (¢ : e € N) be the corresponding effective enu-
meration of all A-computable functions from N to N such that 2 is computed
by the e-th Turing machine M with oracle A. @és is the s-th approximation
of p2. The use-function uZ () of the computation M2 (z) is defined to be the
length of the initial segment of the oracle which is really used in the compu-
tation ués(x). It is important to note that, if ués(x) =t,and A [t =B [t
then the computations of M2 (z) and ME(z) are completely the same. As usual
Turing machine model, we assume always that ué s(z) < s. This is a very useful
estimation because we need only to preserve simply the initial segment A [ s
so that the computation Me‘?s (z) will not be destroyed. Thus, any change of the
membership of the elements a > s to A do not destroy this computation. As
usual, we always assume that the use-function is nondecreasing about s. As the
partial recursive functionals, M, eA (z) is often denoted by uppercase Greek letters
I', A, A, ete. and the corresponding lowercase Greek letters v, d, A are their
use-functions, respectively. To simplify the notation, instead of pointing out the
subscript s, we will often use the expression like ' (z) | (x)[s] to denote the
current value of this expression I''(z) | v(z) at the stage s. Then we have, e.g.,
As = Als], Bs(zs) = B(x)]s], etc.

As usual, superscript A is always omitted if A = (. We define also W, :=
dom(pe) and W, 5 := dom(ye 5). Then (We : e € N) enumerates all r.e. subsets
of N and (W, s : s € N) is a recursive enumeration of W,.

We usually do not distinguish between a subset of N and its characteristic
function. That is, we have always that z € A <= A(z) =land 2z ¢ A <—
Ax) =0.

Theorem 8. There are r.e. sets B and C such that the set A which satisfies
T4 = 2 — 2C 18 not of w-r.e. Turing degree.



Proof. (Sketch) We will construct effectively the computable sequences (As :
s € N), (Bs:se€N)and (Cs : s € N) of finite subsets of N which satisfy the
following conditions:

1. 4, =B, — ac, for alln € N;

2. The limits A := lim,, .o An, B := lim,, .o By and C := lim,, . C), exist
and x4 = g — 7¢ holds;

3. (Bs:seN)and (Cs : s € N) are the recursive enumerations of sets B and
C, respectively. Hence B and C are r.e. sets and x4 is weakly computable.

4. The degree degp(A) is not w-r.e.

The first condition is easy to satisfy. At any stage s 4+ 1, we will define directly
the finite sets Bs11 and Csy1 in such a way that Bs C Bs11 and Cy C Cs41 and
let Ag 1 simply to be the unique finite set satisfying 24,,, = x5, , —ac,,,. This
satisfy automatically the second and third conditions too.

Now we can discuss the fourth condition. The degree degp(A) is not w-r.e.
means that A is not Turing equivalent to any w-r.e. set. Then, for meeting
the fourth condition, it suffices to make sure that, for all w-r.e. set V (with
the effective w-enumeration (Vs : s € N) and corresponding recursive bounding
function h), partial recursive functionals I" and A, the following requirements
are satisfied:

Ryra:A#IV or V #£ A4

Since the classes of all w-r.e. sets and all partial recursive functionals are
effectively enumerable (see [2,10]), respectively. So these requirements can be
effectively enumerated too. We fix (R, : e € N) as one of such kind of effective
enumeration. Thus all requirements can be given different priorities according
to this enumeration, i.e., R; is of the higher priority than R; if and only if 7 < j.

The strategy for satisfying a single requirement Ry, 1 4 is as follows:

First phase: At first we choose arbitrarily a witness x € N. Then wait for the
stage s such that:

As(a) = TV (2)[s) & V [ v(2)[s] = A% [ ~()]s). 1)

(if this never happens, then z is a witness to the success of Ry . a.) Define
Bsy1 := BsU{z}, Csy1 := Cs. It can be shown that Ag1 = A;U{z}. In a later
stage, we might hope to remove x from A when it is necessary. Since B should
be a r.e. set, we can not simply remove it by taking out x from B. Instead, we
achieve that by putting some bigger element to C. Besides, we hope to preserve
the computations of A? [ v(x)[s], so we define here a supplementary element y
big enough so that y > max{dvy(x)[s], 2}. Then into next phase.
Second phase: Wait for some new stage s’ > s at which the following hold:

Ag(x) = IO (2)[s'] & V [ 7(2)[s'] = AN | 5(a)[s']. (2)

(if this never happens, then z is also a witness to the success of Ry, 1 4.) In this
case, we hope to remove z from A to force the initial segment V' [ v(z)[s'] to be



changed whenever this condition is satisfied later again. This can be achieved by
putting y into C, i.e., define By 41 := By, Cyriq := Cs U {y}. It can be shown
that &€ Ag 1. Then into next phase.

Third phase: Wait for some new stage s” > s’ at which the following hold:

Agr(@) = TVPE (@)[s"] & V [ y(2)[s"] = AN | y(a)[5"]. (3)

(if this never happens, then z is a witness to the success of Ry, r A again.) Define
Bsri1 := Bgr U{y}, Csviq := Cyr and let Agvyq similar as before. It can be
shown that x € Agv41 again. Now the supplementary element y is used two
times and can not be used again. Then choose a new one y := y + 1 and go to
the second phase.

Because the action in any of above phases changes the membership of z to
A, whenever we go from phase X to another phase Y, the value of A(z), hence
also the initial segment V' | ~v(z) must be changed. But if we go from phase
Y back to phase X later, A [ dy(x) is recovered to that of last appearance of
phase X. So, the initial segment A41%7(*) | 4(z), hence also the initial segment
V' | v(x), is recovered. Because of the w-r.e.ness of the set V, this can happen at
most finitely often. Therefore, after some stages, (2) or (3) will never hold again.
Thus the requirement Ry, 4 is finally satisfied by the witness x.

To satisfy all the requirements, we apply the finite injury priority construc-
tion. A witness z, and a supplementary element y. (> z.) are appointed to the
requirement R. at any stage. Instead of trying to satisfy all requirements in the
given order we will attack those requirements first to which the above strategy
can be applied. This action should be preserved from injury by lower priority
requirements. Therefore whenever the actions of any above phases are made for
the requirement R., all requirements R; with ¢ > e will be initialized. That is,
we redefine the witnesses x; and supplementary elements y; of R; (for i > e)
bigger than all elements enumerated into B or C' so far and also bigger than
the 67(z.) to preserve the computations of A41%7(*) | ~(z.) from the injury
by lower priority requirements. Still it is not enough, because the witness x.[s]
may be removered from A or put into A not only by putting y. into C or B
as we hoped, but also by putting y; in to C or B through the actions for R;
with some i > e. Then the condition (2) or (3) can be satisfied again without
any changes of V' | v(z.), and hence in such a way R, can requires attentions
infinitely often. To avoid this bad situation, we will build a “firewall” between
the all supplementary elements y.’s of R. and the z;’s, y;’s for R; with i > e.
Namely, we put another element z., which satisfies that Vi > e (ye < ze < @i, ¥5),
into B\C as well. By (4) of the Lemma 1, it succeeds. Therefore, at any stage
s, we will define a witness x. and two supplementary elements ., z. such that
ZTe < Ye < ze and Vi > e (ze < ;).

Of course, a requirement could be injured by some higher priority require-
ments. Since finite many attacks suffices for any given requirement as we saw in
the above strategy, every requirement R, can be injured at most finitely often
because there are only finite many requirements which have the higher priority
than R.. So every requirement have enough chances to be satisfied by the above
strategy.



We give the exact construction as follows:

Stage 0: Define Ag = By = Cp := (. For any e € N, we define z.[0] := 3e+1,
Ye[0] := 3e+ 2 and z[0] := 3e+ 3. All requirements R. are said to be initialized
at this stage.

Stage s+1: Given A, Bs, Cs, Ze[s], ye[s] and z.[s] for all e € N. A requirement
R.(= Rv,r,4), for some w-r.e. set V, and partial recursive functionals I" and A,
requires attention if the following condition holds:

Aze)[s] = IV (z)[s] & V [ o(we)ls] = AN Ta(ae)ls]. ()

Choose the minimal e < s, if any, such that the requirement R.(= Rv,r a)
requires attention at this stage. Then do the following;:

In all the following cases we will always define the set Ag;1 as the unique
finite subset of N which satisfies the condition that za,,, = zB,,, — 2c,,,- We
define also z¢[s + 1] := z.[s].

Case 1. z[s] € Bs. Let g(z¢)[s] := Zzgf)[s] h(i). Then we define in this case
all the following:

[ | := max{dv(z.)[s], max(Bs U Cs)} + 1;

[5+1) 1= pels + 1]+ g(zo)ls] + 1
xi[s+ 1] := ze[s + 1]+ 3i+ 1, for all i > ¢;

[ | :=ze[s+ 1]+ 3i+ 2, for all i > e;

[ | = ze[s+ 1]+ 3i + 3, for all i > ¢;
Bsy1 := Bs U{ze[s], ze[s + 1]} U (Cs | we[s]);
Csi1:= Cs U (Bs | xels]).

Notice that we have that zc[s], ze[s + 1] € Bst1, Te[s] € Ast1, by (2) of Lemma
1, and that

Te[s] = we[s + 1] < max{dvy(ze)[s], max(Bs U Cs)} < yels +1]
<Yels+ 1]+ g(ze)[s] < ze[s+ 1] < wi[s+ 1] <wyi[s+ 1] < zi[s+1],

for all 7 > e.

Case 2. x.[s] € Bs. There are still four possibilities as follows:

Case 2.1.  z.[s] € As & ye[s] € Cs. This means that the supplementary
element y.[s] is not yet used and hence not in (B U C')[s]. Then define

{BS+1 = Bs & Csi1 := Cs U {yels]};
Ye[s + 1] :=ye[s] & ze[s + 1] := z¢[s].

Case 2.2. z.[s] € As & ye[s] € Cs. Here z.[s] € As means that if a sup-
plementary element y. is put into C, then it must be put into B too. In this
situation, a new supplementary element is defined which is still not in C' (see
case 2.3.) So this case can not happen in fact.

Case 2.3.  z.[s] € As & ye[s] € Cs. In this case, y.[s] is already put into C
but not yet enumerated into B. We need only put y.[s] into B and define a new
ye- That is, we define

{BS“ := By U{ye[s]} & Csy1 := Cs;
Yel[s + 1] :=ye[s] + 1 & ze[s+ 1] := ze[s].



Case 2.4. x[s] & As & yels| & Cs. This can also never happen in fact.

In all of these cases, we define z;[s + 1] := x;[s]; zi[s + 1] := z;[s] and
yi[s + 1] := y;[s] for all i < e. Then initialize all lower priority requirements R;
(for i > e) by defining

xi[s + 1] :=3w[s] + L;y;[s + 1] := 3w[s] + 2 and z;[s + 1] := 3w[s] +3 (5)

where w[s] := max(Bs4+1 U Cs11). If the requirements R; (i > e) has received
attention before stage s + 1 and was not yet been initialized thereafter, then it
is called that R; is injured at this stage by the requirement R.. We say that the
requirement R, receives attention at this stage.

If no requirements require attention at this stage, then every thing remains
unchanged and go directly to the next stage.

This ends the construction. We can show that the sets A := lim,_ .o As,
B :=1lim, ., Bs and C := limg_, o, Cs satisfy the theorem.
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