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Abstract. Let (X,d, ) and (Y, d, ) be metric spaces. By definition, there
is a function b : (f,z,€) — 6§, (6§ > 0), such that for all continuous
function f : X — Y,z € X ande > 0: Vz' € X(dy(z,2') < § =
d, (f(z),f(z")) < €). By a recent result of Repovs and Semenov [8],
there is a function h continuous in f, © and € with this property, if
(X,dy) is locally compact. Based on Weihrauch’s frameworks on com-
putable metric space ([13]), we effectivize this result by showing that there
18 a computable function of this type. The proof is a direct construction
not depending on [8].
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1 Introduction

Let (X,d,) and (Y,d, ) be metric spaces. A function f: X — Y is continuous
if, for any z € X and any € > 0, there exists a § > 0 such that

V'€ X (d,(z,2') <6 = d,(f(z), f(z')) < e). (1)

In other words, f is continuous if and only if there is a (total) function P
X x R* — R* such that, for any (z,¢) € X x R,

Vo' € X (dy(2,2") < é(x,¢) = d, (f(2), f(z')) < ¢). (2)

The function & is called a modulus of continuity of f.
The discussion about modulus of continuity is an interesting and important
topic both in classical and effective analysis (see e.g, [2, 5, 10, 12]). For example,



Ko [2] shown that, if f : [a;] — IRT is a computable (hence continuous) real
function, then there is a recursive function m : w — w such that the function §
defined by S(CL‘, ¢) = 2-1¢l is a modulus of (uniform) continuity of f. For the
classically locally compact metric space X, Repovs and Semenov proved in [ ]
that, every continuous function f : X — Y possesses a continuous modulus of
continuity. In fact, they have proved even more that, it is possible to determine
an appropriate § > 0 satisfying (1) as a continuous function of the triple (f, z, €)
under proper topology. ore precisely, let (X,Y") be the set of all continuous
functions from X into Y, endowed with the topology of uniform convergence,
i.e., the € neighbourhood of f € (X,Y) is theset (f,¢):= € (X,Y):
Ve € X (d,(f(z), (2)) < e . Then the following has been proved in [ ].

t(X,d,) nd (Y,d,) m 1 ic

s ¢s ndsu os t tX isloclly com ct nt ists  continuous

function § : (X,Y) x X x RY — R* suc t 1 fo ytil (f,z,e) €
(X,Y) x X x RY

V' € X (dy(z,2") < 8(f,z,¢) = d,.(f(z), f(z")) < ¢). ()

The function é in above theorem is called lo [ modulus of continuity of
function space (X,Y). The proof of Theorem applies ichael s Selection The
orem (cf. [ ]). That is, the function é exists as a selection function of some lower
semi continuous set valued funtion. Thus it is uite ineffective.

ur main purpose of this paper is to discuss the effectiveness about the
global modulus of continuity of (X,Y) when X is (effectively) locally compact.
It 1s, of course, only possible after a computability framewor about metric
spaces is well established. In [1 ], Weihrauch introduced computability on metric
space by the representation theory. In this theory, computability on finite and
infinite se uences over some finite alphabet of symbols are defined explicitly,
e.g., by Turing machines, and computability on other sets are introduced by
representations, i.e., naming systems, where infinite se uences of symbols are
used as names (cf, e.g. [ , 11, 12]). In this paper we will wor in this framewor
and prove finally a computationally effective version of the above theorem, i.e.
there is a computable global modulus of continuity of (X,Y). Thus, we can
choose effectively a positive real é satisfying (1) from any continuous function
f: X =Y, element x € X and positive real e.
We fix  to be a finite alphabet containing all symbols we need. and
are the sets of all finite words and infinite se uences over | respectively.
The computability theory on and have been well established ([ , 12]).
To discuss the computability on other sets, we need their representations by the

elements of or . For any set  with the cardinality of at most continuum,
a representation of  is simply a sur ective function 6 : — forae |w.
For example, let = 0,1, , , the functions : — w, : — 1 and

— IR be defined respectively by

()= = =13



()= = =0z000 :M;

()=a = = 1 lim ( )=a
Vym () () <27).

Then and are the standard representations of the natural numbers w,

rational numbers | and real numbers IR. y the representations, the fundemental

concepts of classical computability theory can be translated directly. Suppose

that § are the representations of sets  for =0,1,..., . Ann ary function f :
1% x  — iscalled (61,...,8 ,8 ) computable if there is a computable

function :( ) — such that ¥ 1,... , (f(61( 1),... ,6 ( )) =46
(1,0 ).

Suppose that |, , and é,, be reasonable representations of IR, X and
(X,Y), respectively. A computable metric space X is effectively locally com
pact, if we can determine effectively, for any z € X, a neighbourhood of x
such that |, the closure of | is compact. Then our main result says that if
X and Y are computable metric spaces (see definition of next section) and X
is effectively locally compact, then there exists a (64, 5, , ) computable
function 6§ :  (X,Y) x X x Rt — IR* which satisfies ( ) for every triple

(f,z,0)e (X, Y)x X x R*.
ur notations are almost same as in [15, 1 ]. For the notational simplicity,
we often do not distinguish explicitly a natural number := (') from its name
= under the standard representation . In this paper, (z, )and (=, )
denote always the open and closed ball with center z, respectively. As usual,
, 18 the standard computable pairing function of natural numbers and 1,
are corresponding first and second reverse functions.

o ut tric c

In this section we review at first the notions of computable metric space and
the corresponding representations of Weihrauch [1 ]. Then the representations
of open and compact subsets of a computable metric space and the notion of
effectively local compacteness will also be introduced.

Let (X, d) be a metric space, X a count
able dense subset of X and :w —  a (bi ective) notation of . If the set
defined by

= [ E(—U: ()<d(()’())< ()
is recursive enumerable, then we call (X,d, , ), or simply X, a com ut |
m t ic s ¢ . The open subset X for € w defined by:

= zeX:d ()a)< () ()

is called sico nsitof X and ( )isits diusand denoted by rd( ) or
simply rd( , ).



For example, suppose that d is the standard metric on IR and tw—1

defined by ( ,, )= —77 is an enumeration of 1. Then (R,d ,1, )isa
computable metric space.
It is easy to see that the class of all basic open sets is a topological

basis of the topology deduced by the metric d. In our discussion, the basic
open sets play an important role which is very similar to that of the rational
intervals in effective analysis. specially, the elements of the computable metric
space and the continuous functions between the computable metric spaces can
be represented by some infinite se uences of basic open sets.

Let (Xadxv X X) and (Y’dY’ Y Y) be

the computable metric spaces. ()= ( ,1,-.. ): 1
the set enumerated by se uence € . We define the representations ,, ’ :
— X and 6,6 : —  (X,Y) respectively by
)=z = = lim ( )=z
V.o om(d( () x( )<27 )
)=z = ()= €wize
6XY():f = = 11 v (f(_ ) )
Vee X Ve>0 , ( x € rd( ) < e€);
Vo, ()=f =V edom(f ) x()=( (,))
where is the universal type 2 Turing machine.
As shown in [1 ], , is e uvelent to ’ and é,, is e uivelt to &/ with

respect to the effective reduction. So we can use them exchangably. ecause any
open subset is a union of some basic open sets and any compact subset has a
finite cover of basic open sets (we call it a basic finite open cover), we can define
the representations of open and compact subsets through basic open sets similar

to the case of IR (cf [15, 1 ]).

Let (X,d, , )beacomputable metric space. , and , be the
sets of all open and compact subsets of X. Then we can define the representations

[ — yand — 4 by
<) = = = 1 = TEw
()= = ()= PoEw
v ( = ).
ote that, ,( )= meansthat enumerates a se uence of basic open sets
which exhaust set . If ()= then enumerates all finite basic open covers
of  which intersects . ext proposition shows that, for a name of | itis

e uivalent to enumerate a auchy se uence of the finite basic open covers of
which intersrects  and has limit  in the sense of ausdorff metric.



t(X,d, , ) comut | miics ¢ ndd us
do mticd ndy

d (, )=max sup inf d(z, ), sup inf d(z, )

fo nysits | X (cf [ ft st tion ' isd nd y
O= = = o
vo( v om( =)
vV (@ , y<27)
n « [ 1 com ut [ functions f, —
suc t t = ' f nd '=
oof Let ()= with = ! ! ,then enumerates

all finite basic open covers of ~ which intersects . It is easy to see that we can
construct a Turing machine  which enumerates, from the input , a se uence

= 1 ! such that
v Vo oom (d( )< 27 ).
Then, ()= ,hence ()= '(f ( )). This means that !
Let ‘() = . Then enumerates a auchy se uence of finite basic open

covers of  which intersects and has the limit in the sense of ausdorff met

ric. Suppose, without lost of generality, that = ! !

andV (d ( , )< 2 ). onstruct a Turing machine  such that,
for any input will enumerate all 1 for m € w which satisfy
that,

Ew V. om( N =),
where = zeX:d( (),z)y< () 27 . ote that B for
any m , because d ( , ) <2 and is compact. Then it is
not di cult to see that () enumerates all finite basic open covers of ~ which
intersects , hence (f ( )) = . Therefore, f witenesses the reduction that

/

lassically, a metric space X is called locally compact if, for any =z € X,
there is a neighbourhood of x such that its closure  is compact. If such
neighbourhood can be obtained effectively in 2z, then we will call it effectively
locally compact. ow we define this concept precisely.

A computable metric space ( ,d, , )iscalled cti lyloc lly
com ct if there is a ( ,, ) computable function , : X — IR such that

(z, ,(z))is compact for any z € X.



bviously, the space (IR,d , 1, ) is effectively locally compact.
As end of this section, we show a simple property about computable metric
space that, the metric d of any computable metric space is a computable function.

t(X,d,, , ) comut | mitics c nt mticd

is ( x, x» )com ut | function

iven z, € X with () = .
erties of the metric, we have d, (2, ) d,(
de(, () <2 *! and hence

lim dx( ( )’ ( )):dx(m’ )’ and
do( () () 20 P<dy(e, )<d( (), () 27 *h

efine now inductively two se uences a and & of natural numbers by,

a = m( (m)<d,( (0), (0)) 2)
= m( (m)>d;( (0), (0)) 2
a = m( (a)< (m)<d ( () () 27*;
b= m( (b)> (m>d.( () () 27

y the recursive enumerability of  in the definition , it is easy to see that the
se uences a and b are recursive in and . That is, there is a Turing machine
such that f (, )= a b a1 by .Let 1= (a ) and = (b).

Then the se uences ! and  satisfy

v (1< 1+1<dx(ma )< +1 < ) hm( 1):0.
This means that d,(z, ) = (f (, )). ence the metric function d, is
( x, x» )computable.

o] oduu o ontinuit

In this section we will prove our main theorem. The proof is a direct construc
tion of an algorithm which determines an appropriate value of é, for any triple
(f,z,€), such that (1) is satisfied. The crucial idea is as follows: given any con
tinuous function f : X — Y, and element # € X, consider at first the function

:IRT — IR defined for any 6§ € R by

(8) :=min e e RT : f(" (2,8)) ~ (f(2),€)
=max d,(f(z), f(z')) : dy(z,2") & ' eX.

ere we use the closed ball  instead of open ball  because a computable
function f maps compact sets to compact sets and this does not wor for open
sets. isnondecreasing and it is easy to see that,if e = (& ), then é satisfies (1).
Thus it su ces to define § as the reverse function of . nforturnately, ~! does



not necessarily exist, if is not strictly increasing. To avoid this bad situation,
let simply (§) = (&) & and & = ~'(¢). Then &, satisfies (1) too. The
following technical details ma e sure that the function ~! is computable and,
furthermore, depends effectively on the function f € (X,Y) and the element
reX.

ext lemma shows that the computable function maps effectively and uni
formly any compact set of a computable metric space to a compact set.

tX,)Y comut | miics cs nd t stof llcom ct

X

su s ts of X nt lu tion function : (X, Y)x ,— ,d nd y
(f; ):: f( ) is (6xyﬂ X Y) com ut |
Suppose that f = é6,,( )and = (). Then enumerates a
se uence of s which satisfy f( ) and such that
Vee X Ve>0 , ( x € rd( ) <€)
and enumerates all strings 1 for € w such that s ey
is a finite basic open covers of  which intersects
onstruct a Turing machine  as following: input ( , ) € x o, ()
will enumerate all strings 1 for € w which satisfy that: there are
mew, ., 1,... and | q,... such that
1. 1 y
2.V m ( );
.Y m ( ); and
.Y m ( ).
ow,if | 1,..., satisfies (1 ) above for m € w and the finite sets
T and S 1y , then : is a finite basic open cover
of the compact set ~ which intersects , hence is a finite basic
open cover of f( ) becauce V m (fC ) ). ecause
v m ( ) we have also that V ( f( )= ). This
means that : is a finite basic open cover of f( ) which intersects
)
n the other hand, suppose that : is a finite basic open cover of
F( ) which intersects f( ). Forany z € | thereisa such that f(z) €
y the continuity of f and the definition of é,,,, there are , € w such that
x € ) . This means that
= D Ew Ew ( )
is a basic open cover of . y the compactness of | there is a finite sub
cover for some m € w which intersects . That is, the string
1 satisfies above conditions 1 for some ... and ... ,
hence will be enumerated finally by  (, ). That is, ( , ) enumerates all

finite basic open cover of f( ) which intersects f( ).
Thus (f (, ))=f( )= (f, ), thatis, the evaluation function is
(6xys x; ) computable.



t(X,d, , ) comut | miics c nt dist nc

function d : X x , — IR d nd yd(z, )= mindz ): € 18

( %, x» )com ut I
Suppose that z = (1) with ; = 1 and = ().
From |, we can effectively construct a se uence ’ such that
[ 1 1
v ( Y om (rd( )<27 *Th).
Furthermore we can construct effectively two se uences (for =0,1)

of natureal numbers which satisfy, for any

(1)< (') <min dc < ), () 27
min dc (), () 27 < ()< ()

Let = ( )forall €wand =12 Ttisnot di cultto see that
V('< 'y<d )< < ) lim( N =0.

Thus we can construct a Turing machine such that f (1, ) =

! bt .Sod(z, Y= (f (1, ). encedisa( 5, 5, )

computable function.

We are now able to formulate our main theorem precisely and to prove it.

t(Y,d,, ., ) comut | mtics ¢ (X,dy, 4, x)
n cti ly loc lly com ¢t comut | miics ¢ [t (X)Y) t
s t of Il continuous functions f om X toY nt is  (6xyy x5 5 )
com ut [ function §: (X, Y)x X xRt =IR* suc t ¢ fo ny(f z,¢)€
(X,Y) x X x RY

V €X (dy(x, )<é(fiz,e) = d,(f(z), f()) <e). (5)
tis 1 is (bgy, x» » )ecom ut | lo [ modulus of continuily of
(X,Y)

Let , be the ( ., ) computable function which witnesses the
effectively local compactness of X. efine at first a function : X xR — |
by

_ _(m (@) ifE> L (a)
(2,8) = (z,96) otherwise.

Then (z,8) is a compact subset of X for any z € X and é € IR. iven any
= ,()and 6 = (), the se uences , () and () are
two auchy se uences of the corresponding spaces with the limits z and 6§,
respectively. ecause , is ( ., ) computable, there is a Turing machine
such that L (f ()= ,(2). Let 1 = f (). Without lost of generality, we
can assume that,



Let # = L () and =min  ( (), (1() 2= * . Then
(z,6) (z , )forall €w.
efine = ()and = ( < ()< 2=+ ). Ttisnot di cult
to see that (z,96) and
d ( o (2,0) <dy(z, () min  (2),6 ()
<9
for any € w. This means that is a basic open cover of (z,§) satisfy
ing that d ( , (2,8)) <27 . ow we can construct a Turing machine
such that f (, ) enumerates the se uence ; := , 1, 1 , .
Then we have ' (f (, )) = («,6) for any (, ) € dom( ) x dom( ).
That is, is( ,, , ’.)computable. y roposition 2, isalso( ., , 4
computable.
efine a function : (X,Y)x X x R* — IR* by
(fyz,6)=max d,(f(z), ): €Ff (z,6) .
y the ( », , x) computability of and Lemma 5, function  defined by
(fyz,6)=1f (2,8)1s (643, x, , ) computable. ence, by Lemma , is
a(6yy, xs ) computable function.

ote that (f, z,8) is also nondecreasing on 8. So (f,z,6) := (f,z,8) §&is
an on § strictly increasing (6,,, x, , ) computable function. Then we can
define a (6 ) computable function & : (X,Y) x X x RT — IR*
by 61(f,z,¢) := 8(e= (f,,8)), where is the minimal value operator.
Finally, we define § : (X,Y) x X x R* — IR* by

(S(f,:l?,e): 61(f,;l‘,€ 2) ifél(f’x’e 2) X(m)’

(@) otherwise.

XYy X )

Similar to the classical proofs of the results on the computability of in
verse function and patching function, (see e.g., [ ]), it is easy to see that 6
is 64y, x, , )computable. y the definitions of and |, we have, for any
) (), that

FC (@, 8) — (fx), (£2,8) — (f(=), (f.2,9)).

ecause 6(f, z,€) <(@)and (f,z,61(f,z,€)) = eforany ¢ 0, it follows
that

Ve O(f( (z,8(f,z,¢)) f( (z,61(f,z,¢ 2)) _(f(:t:),e 2)).

That 1s
Vo' € X(dy(z,2') < 6(f,x,¢) = d, (f(), f(z')) < e).

So the function é satisfies the theorem.
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