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Abstract. Let (X,d, ) and (Y, d, ) be metric spaces. By definition, there
is a function b : (f,z,€) — 6§, (6§ > 0), such that for all continuous
function f : X — Y,z € X ande > 0: Vz' € X(dy(z,2') < § =
d, (f(z),f(z")) < €). By a recent result of Repovs and Semenov [8],
there is a function h continuous in f, © and € with this property, if
(X,dy) is locally compact. Based on Weihrauch’s frameworks on com-
putable metric space ([13]), we effectivize this result by showing that there
18 a computable function of this type. The proof is a direct construction
not depending on [8].
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1 Introduction

Let (X,d,) and (Y,d, ) be metric spaces. A function f: X — Y is continuous
if, for any z € X and any € > 0, there exists a § > 0 such that

V'€ X (d,(z,2') <6 = d,(f(z), f(z')) < e). (1)

In other words, f is continuous if and only if there is a (total) function P
X x R* — R* such that, for any (z,¢) € X x R,

Vo' € X (dy(2,2") < é(x,¢) = d, (f(2), f(z')) < ¢). (2)

The function & is called a modulus of continuity of f.
The discussion about modulus of continuity is an interesting and important
topic both in classical and effective analysis (see e.g, [2, 5, 10, 12]). For example,



Ko [2] shown that, if f : [a;] — IRT is a computable (hence continuous) real
function, then there is a recursive function m : w — w such that the function §
defined by S(CL‘, ¢) = 2-1¢l is a modulus of (uniform) continuity of f. For the
classically locally compact metric space X, Repovs and Semenov proved in [§]
that, every continuous function f : X — Y possesses a continuous modulus of
continuity. In fact, they have proved even more that, it is possible to determine
an appropriate § > 0 satisfying (1) as a continuous function of the triple (f, z, €)
under proper topology. More precisely, let C'(X,Y") be the set of all continuous
functions from X into Y, endowed with the topology of uniform convergence,
i.e., the e-neighbourhood of f € C(X,Y) is the set B(f,¢) := {9 € C(X,Y) :
Ve € X (d, (f(z),g(z)) < €}. Then the following has been proved in [8].

Theorem (Repovs and Semenov [8]). Let (X,d,) and (Y,d,) be metric
spaces and suppose that X 1is locally compact. Then there exists a continuous
function 6 C(X,Y) x X x Rt — " such that, for every triple (f x,¢) €
C(X,Y) x X x R,

V' € X (dy(2,2") < 8(f, 2, ¢) = d,(f(2), f(z")) < ©). (3)

The function & in above theorem is called global modulus of continuity of
function space C'(X,Y). The proof of Theorem applies Michael’s Selection The-
orem (cf. [6]). That is, the function 6 exists as a selection function of some lower
semi continuous set valued funtion. Thus it is quite ineffective.

Our main purpose of this paper is to discuss the effectiveness about the
global modulus of continuity of C(X,Y) when X is (effectively) locally compact.
It 1s, of course, only possible after a computability framework about metric
spaces is well established. In [13], Weihrauch introduced computability on metric
space by the representation theory. In this theory, computability on finite and
infinite sequences over some finite alphabet of symbols are defined explicitly,
e.g., by Turing machines, and computability on other sets are introduced by
representations, i.e., naming systems, where infinite sequences of symbols are
used as names (cf, e.g. [3, 11, 12]). In this paper we will work in this framework
and prove finally a computationally effective version of the above theorem, i.e.
there is a computable global modulus of continuity of C(X,Y). Thus, we can
choose effectively a positive real é satisfying (1) from any continuous function
f: X =Y, element x € X and positive real e.

We fix ¥ to be a finite alphabet containing all symbols we need. £* and
2% are the sets of all finite words and infinite sequences over X, respectively.
The computability theory on Z* and X have been well established ([9, 12]).
To discuss the computability on other sets, we need their representations by the
elements of ¥* or X¥. For any set A with the cardinality of at most continuum,
a representation of A is simply a surjective function é : ¢ — A for a € {*,w}.
For example, let X' = {0,1,1, ¢}, the functions v, : &* - w, v, : ¥* —Q and
pr XY — IR be defined respectively by

ve(w)=n < w=1%



- _ _ vwl(@) —vy(y).
Vo(w) =71 <= w=020y020 & r = RO

p,(p) = a = p=trofrifraf ... & lim vo(ra) =a
Vnym > n(|vg(rn) — vo(rm)| <277).

Then vy, v, and p, are the standard representations of the natural numbers w,
rational numbers@Q and real numbers IR. By the representations, the fundemental

concepts of classical computability theory can be translated directly. Suppose

that §; are the representations of sets A; forz =0,1,... ,n. An n-ary function f :
Arx--- x A, — Agiscalled (é1,... ,8,,60)-computable if there is a computable
function g : (Z¥)* — X* such that Vp1,... ,pu(F(61(p1),-.- ,6n(pPn)) = b0 0
g(p1,... pn)).

Suppose that p,, p, and 6., be reasonable representations of IR, X and
C(X,Y), respectively. A computable metric space X is effectively locally com-
pact, if we can determine effectively, for any z € X, a neighbourhood B; of =
such that B, the closure of By, is compact. Then our main result says that if
X and Y are computable metric spaces (see definition of next section) and X
is effectively locally compact, then there exists a (64, px, Pr, Pr)-computable
function 6 : C(X,Y) x X x RY — IRY which satisfies (3) for every triple
(f,2,6) EC(X,Y)x X x RT.

Our notations are almost same as in [15, 17]. For the notational simplicity,
we often do not distinguish explicitly a natural number i := v (i) from its name
i € X* under the standard representation v,;. In this paper, B(z,r) and B(z,r)
denote always the open and closed r-ball with center z, respectively. As usual,
(-, -) is the standard computable pairing function of natural numbers and y, 73
are corresponding first and second reverse functions.

2 Computable Metric Spaces

In this section we review at first the notions of computable metric space and
the corresponding representations of Weihrauch [13]. Then the representations
of open and compact subsets of a computable metric space and the notion of
effectively local compacteness will also be introduced.

Definition (Weihrauch[13]). Let (X, d) be a metric space, A C X a count-
able dense subset of X and a : w — A a (bijective) notation of A. If the set D
defined by

D= {(i,j, k1) ew v, (k) < d(a(i),a(j)) <v,(l)}
is recursive enumerable, then we call (X,d, A, «), or simply X, a computable
metric space. The open subset Uy C X for k € w defined by:

Uiy = 1o € X d(a(i), 2) < v (1)) (4)

is called basic open set of X and v, (j) is its radius and denoted by rd(Uy; ;)) or
simply rd((i, ).



For example, suppose that d is the standard metric on IR and a, : w —Q
defined by a,((i,j,k)) = ;—;JI is an enumeration of Q. Then (IR, d,, @, a,) is a
computable metric space.

It is easy to see that the class of all basic open sets {U;};¢cw is a topological
basis of the topology deduced by the metric d. In our discussion, the basic
open sets play an important role which is very similar to that of the rational
intervals in effective analysis. Especially, the elements of the computable metric
space and the continuous functions between the computable metric spaces can

be represented by some infinite sequences of basic open sets.

Definition (Weihrauch[13]). TLet (X,d,,A,,a,) and (Y,d,,A,,a,) be
the computable metric spaces. En(p) := {(0,41,... im) : fiobirt... timi C p}
the set enumerated by sequence p € £*. We define the representations p,, p, :
¢ — X and é,,,6 ¥ = C(X,Y) respectively by

pu(p) =2 = p=tictitint- & lim a,(in)=2 &
Vn 2 m (dy (0 (i), 0 (im)) <277

p.(p)=2 < En(p)={icw:zel};

by (p) = f <= p=tictiodireirtiztjat--- &V (f(U,) CU;,) &
Vee X Ve>03(,7)(Bieit Cp & 2z € U; & rd(j) < ¢);

& (p)=f < VYgedom(fop,) (flpx (1) = py(Mu(p,q))),

where My is the universal type-2 Turing machine.

As shown in [13], p, is equvelent to p’ and é,, is equivelt to &’ with
respect to the effective reduction. So we can use them exchangably. Because any
open subset is a union of some basic open sets and any compact subset has a
finite cover of basic open sets (we call it a basic finite open cover), we can define
the representations of open and compact subsets through basic open sets similar

to the case of IR (cf [15, 17]).

Definition1. Let (X,d, A, &) be a computable metric space. O, and K be the
sets of all open and compact subsets of X. Then we can define the representations
0, : 2 —0, and k,, : X* — K by

0.(P) =0 < p=tiotirtist--- & O=|J{Ui, :n ew);
kx(p) =G < En(p) = {iot--- tin:nEw&G§U< U;,

Vs <n (U, (G #0)}.

Note that, 6, (p) = O means that p enumerates a sequence of basic open sets
which exhaust set O. If £, (p) = G then p enumerates all finite basic open covers
of G which intersects A. Next proposition shows that, for a k-name p of GG, it is
equivalent to enumerate a Cauchy sequence of the finite basic open covers of G
which intersrects G and has limit GG in the sense of Hausdorff metric.



Proposition2. Let (X,d, A, &) be a computable metric space and dg the Haus-
dorff metric defined by

di (U, V) = max{sup inf d(z,y), sup inf d(z,y)}
zeU YEV rev yeU

for any sets U,V C X, (cf. e.g.,[1]). If the representation &', is defined by
X

Ko (p) =G < p=1Hige- - pid dibe - big, 4o &
Vn (G C U]Smn Uin & Vs <ma(G(\Uin #0)) &

Vi Vs >t (dH(U< Ui, U Uy ) <274
JSms 7

j<my 3
Then we have k, = Ky, t.e., there are computable functions f,g : X% — X%
such that k = k' o f and k' = Ko g.

Proof. Let k,(p) = G withp = i ¢, #ige - i}, 4, then p enumerates
all finite basic open covers of G which intersects G. It is easy to see that we can
construct a Turing machine M which enumerates, from the input p, a sequence
q:= 406 tjgﬂuﬁjéb o, tj,}mﬁ ... such that

Vn (4706 tim, 4 Cp & Vs <my(rd(5)) <277)).

Then, &’ (¢) = G, hence x(p) = &'(far(p)). This means that x < &'

Let &'(p) = G. Then p enumerates a Cauchy sequence of finite basic open
covers of G which intersects G and has the limit G in the sense of Hausdorff met-
ric. Suppose, without lost of generality, that p = §iJ¢ - - - tigluﬁi(l)t- . ti}mﬁ e
and Vn (dg(U,<,,, Uir , G) <27"). Construct a Turing machine M such that,
for any input p, M will enumerate all jotjit- - £jm for m € w which satisfy

that,

mew(,, UsclU,., UnkvismU,_ 0% (0. #0),

where Ug?) ={z € X :d(ai),z) < vy(j) —27"}. Note that Ui(g) C G for
any s < my,, because dg (U, <, Ui» , G) < 27" and G is compact. Then it is
not difficult to see that M (p) enumerates all finite basic open covers of G which
intersects G, hence k(far(p)) = G. Therefore, far witenesses the reduction that

k' < k. O

Classically, a metric space X is called locally compact if, for any z € X,
there is a neighbourhood B, of z such that its closure B, is compact. If such
neighbourhood can be obtained effectively in 2z, then we will call it effectively
locally compact. Now we define this concept precisely.

Definition 3. A computable metric space (M, d, A, a) is called effectively locally
compact if there is a (p,,pp)-computable function v, : X — IR such that

B(z,7v () is compact for any z € X.



Obviously, the space (IR, d,, @, a,) is effectively locally compact.
As end of this section, we show a simple property about computable metric
space that, the metric d of any computable metric space is a computable function.

Lemma4. Let (X,d,, A, a) be a computable metric space. Then the metric d
is a(py,Px,pPr)-computable function.

Proof Given z,y € X with p,(p) = z, px(q) = y. By the basic prop-
erties of the metric, we have |d, (z,y) — d,(ap(n),aq(n))| < d,(z,ap(n)) +
dy (y,aq(n)) < 27"+ and hence

nlLH;O d,(ap(n),aq(n)) = d,(z,y), and
d, (ap(n),aq(n)) — 27" < d, (z,y) < d, (ap(n), aq(n)) + 27"

Define now inductively two sequences {a,} and {b,} of natural numbers by,

ag = pm(vy(m) < dy (ap(0), aq(0)) — 2);
(vg(m) > dy (ap(0), aq(0)) + 2);
tng1 = pm(vg(an) < vy (m) < dy(ap(n), aq(n)) —27"F1);
bot1 = pm(vg (bn) > vy (m) > d (ap(n), ag(n)) +27").
By the recursive enumerability of D in the definition , it is easy to see that the
sequences a, and b, are recursive in p and ¢q. That is, there is a Turing machine

M such that far(p,q) = faotbofarthif--- . Let r} = v, (ay) and r2 = Vo (bn).
Then the sequences r. and r2 satisfy

bg = um(v

Vn(r, < rapr <dy(z,9) <rpyy <) & lim (g =) = 0.
n—oo
This means that d, (z,y) = p.(fa(p,q)). Hence the metric function d, is
(Px, Px s Pr)-computable. O

3 Global Modulus of Continuity

In this section we will prove our main theorem. The proof is a direct construc-
tion of an algorithm which determines an appropriate value of é, for any triple
(f,z,€), such that (1) is satisfied. The crucial idea is as follows: given any con-
tinuous function f : X — Y, and element # € X, consider at first the function

h:IRY — R" defined for any § € RT by

h(8) : = minfe € R* : (B(z,5)) C B(f(x),0)}
= max{d, ((x). f(z') : d (,2') < 6 & o' € X).

Here we use the closed ball B instead of open ball B because a computable
function f maps compact sets to compact sets and this does not work for open
sets. h is nondecreasing and it is easy to see that, if e = h(8g), then &g satisfies (1).
Thus it suffices to define § as the reverse function of h. Unforturnately, h~' does



not necessarily exist, if h is not strictly increasing. To avoid this bad situation,
let simply g(6) = h(8) + & and & = g~'(¢). Then &, satisfies (1) too. The
following technical details make sure that the function g~ is computable and,
furthermore, depends effectively on the function f € C'(X,Y) and the element
reX.

Next lemma shows that the computable function maps effectively and uni-
formly any compact set of a computable metric space to a compact set.

Lemma5. Let X,Y be computable metric spaces and K, the set of all compact
subsets of X. Then the evaluation function F: C(X,Y) x K, — K, defined by
F(f,B) = f(B) is (84y, Ky, &y )-computable.

Proof Suppose that f = 6, (p) and B = £,(q). Then p enumerates a
sequence of ifj’s which satisfy f(U;) C U; and such that

Vee X Ve>03({,j)Hieji Cp & zeU; &rd(j) < ¢)

and q enumerates all strings igtirt - - - ¢i, for n € w such that {U;,,U;,,... ,U;, }
is a finite basic open covers of B which intersects B.

Construct a Turing machine M as following: input (p,q) € 2% x Z¥, M(p, q)
will enumerate all strings jo€jit- - €5, for n € w which satisfy that: there are
m € w, ig,i1,... Iy and kg, k1, ... k,, such that

L. fiokire - -+ Cimi C g;

2. Vs < m (fiseksd C p);

3. Vs <m 3t <n (U, CUj,); and
4.Vt <n3ds<m Uy, CUj,).

Now, if {jo,Jj1,... ,Jn} satisfies (1 — 4) above for m € w and the finite sets
{ig,i1,... im} and {kg, k1, ... km}, then {U;, : ¢ < n} is a finite basic open cover
of the compact set B which intersects B, hence {U;, : s < n} is a finite basic
open cover of f(B) becauce Vs < m 3t < n (f(U;,) C Uy, C Uj,). Because
Vt < n3ds < m (Uy, CUj,) we have also that V¢t < n (U;, () f(B) # 0). This
means that {U;, : s < n} is a finite basic open cover of f(B) which intersects
/(B)

On the other hand, suppose that {U;, : ¢ < n} is a finite basic open cover of
J(B) which intersects f(B). For any € A, there isat < n such that f(z) € Uj,.
By the continuity of f and the definition of § there are 7,k € w such that
z e U; & f(U;) C Uy CUj,. This means that

XY

I'={lUj:icw&kIkecwIt<n {itkiCp & Uy CU;,)}

is a basic open cover of B. By the compactness of B, there is a finite sub-
cover {U;, }s<m C I for some m € w which intersects B. That is, the string
Jobjik - - tjn_ satisfies above conditions 1 — 4 for some ig, ... i, and kq, ... k,
hence will be enumerated finally by M (p,q). That is, M(p,q) enumerates all
finite basic open cover of f(B) which intersects f(B).

Thus &, (fm(p,q)) = f(B) = F(f, B), that is, the evaluation function F is
(6xy s Ky, Ky )-computable. O



Lemma6. Let (X,d, A, &) be a computable metric space. Then the distance

function d : X x K, — TR defined by d(z, B) = min{d(z,y) : y € B} is
(P, Kx,Pr)-computable.

Proof Suppose that z = p, (p1) with p1 = fiofli1fiaf- - and B = &, (p2).
From ps, we can effectively construct a sequence pf such that

p/2 — ﬁi8t~ .. tifnuﬁiéb .. tirlnlﬁ &
Vn(§ine - bt 4 T po & Vi < ma(rd (i) < 27 (4D,

Furthermore we can construct effectively two sequences {s%, }new (fori = 0,1)
of natureal numbers which satisfy, for any n,

78 (sl) < v, (5711+1) < Minj<pm, d(am(iy), O!?Tl(i?)) —27n &
minj <, d(am (i), awl(i}?)) +27" <y, (SZ_H) <, (s2).

Let ri, = v, (s,) for alln € w and i = 1, 2. Tt is not difficult to see that
Unrh < rhys < dz, B) < riyy < #2) & lim (12— 51) =0

Thus we can construct a Turing machine M such that Jfar(p1, p2)

ﬁSéthﬁS%CS%ﬁS%CS%ﬁ - . So d(éL‘, B) = Pr (fM(p1’p2)' Hence d is a (pX ) KX7pR)_
computable function. a

We are now able to formulate our main theorem precisely and to prove it.

Theorem 7. Let (Y,d, , A, ,a,) be a computable metric space, (X,d, Ay, )
be an effectively locally compact compuiable metric space, let C(X,Y) be the
set of all continuous functions from X toY. Then there is a (64y,px,Pr; Pr)-
computable function 6 : C(X,Y) x X x RY — R¥ such that, for any (f,z,¢) €
C(X,Y) x X x R,

Yy € X (dy(z,y) < 8(f 2,6) = dy (f(2), F(¥) < o). (3)

That is, there is a (6xy,px,Pr: Pr)-computable global modulus of continuity of
C(X,Y).

Proof Let v, be the (p,,py)-computable function which witnesses the
effectively local compactness of X. Define at first a function §: X x IR — K,
by

_ [ Bz (@) i8>y, (a),
Alz,8) = {E(r, g) otherWZse.

Then B(z,8) is a compact subset of X for any z € X and é € IR. Given any
r = py(p) and & = p.(q), the sequences {a,p(n)}lrew and {v,q(n)}new are
two Cauchy sequences of the corresponding spaces with the limits z and 6,
respectively. Because v, is (p, pp)-computable, there is a Turing machine N
such that p, (fn(p)) = v« (2). Let p1 = fn(p). Without lost of generality, we
can assume that,



1. dy (2,0 (p(n)) < 270743,
2. |6 — vy (g(n))| < 27" *+3); and
3. [rx (@) = g (pr(n))] < 2749

Let 2, = a,p(n) and r, = min{v,(q(n)),v,(pi(n))} + 2-(7+2)  Then
B(z,8) C B(xp,ry) for all n € w.

Define i, = p(n) and j, = pj (rn < v, (j) < rn + 27 +3)). Tt is not difficult
to see that B(x,8) C Uy, ;,) and

A (Ui, 5.0, B(x,8)) < dy(z, a5 (1)) + [rn —min{y, (), 6}| + [v4 (jn) — 7nl
<9 "
for any n € w. This means that {U(;, ;. } is a basic open cover of 3(z, §) satisfy-
ing that d (Uy;,, j,), 8(x,6)) < 27". Now we can construct a Turing machine M
such that far(p, ¢) enumerates the sequence ¢1 := 1 (io, jo) 4 (i1, J1) § (i2,J2) - - .
Then we have &’ (far(p,q)) = B(x,6) for any (p,q) € dom(p,) x dom(py).
That is, 3 is (px, pr, &', )-computable. By Proposition 2, § is also (py, pr, Ky )-

computable.
Define a function h : C(X,Y) x X x RT — R by

h(f,z,6) = max{d, (f(z),y) :y € fB(z,8)}.
By the (py, pn, Ky )-computability of § and Lemma 5, function F' defined by
F(f,z,6) = fB(x,0) is (6xy, Py, Prs Ky )-computable. Hence, by Lemma 6, A is
a (84y s PxsPr» Pr)-computable function.

Note that h(f, z, 8) is also nondecreasing on 8. So g(f, z,8) := h(f,z,8)+6 is
an on § strictly increasing (64, fx, Pr, Pr)-computable function. Then we can
define a (8, ,p,,pn, P )-computable function é; : C(X,Y) x X x R* — IR+
by é1(f, x,€) :=18(c = g(f, x,6)), where “” is the “minimal value” operator.

Finally, we define 6 : C(X,Y)x X xIR* = R* by

8(f’x’€):{61(f’x’€/2) 1f61(f1$16/2)§’}/x(m)’
5 () otherwise.

Similar to the classical proofs of the results on the computability of in-
verse function and patching function, (see e.g., [7]), it is easy to see that 6
is (84, Px)Pr, Pr)-computable. By the definitions of h and g, we have, for any
5 < 7+ (x), that

F(B(x,8)) C B(f(x),h(f,2,8)) C B(f(x),9(f,,9)).

Because 5(f, z,€) < vy (2) and g(f, :L‘,é}(f, z,€)) = e for any € > 0, it follows
that

Ve > 0(f(B(z,6(f,x,¢)) C f(B(z,6:1(f,z,¢/2)) C B(f(2),¢/2)).

That 1s .
Vo' € X(dy(z,2') < 6(f,x,¢) = d, (f(), f(z')) < e).

So the function & satisfies the theorem. O



References

R. Engelking  General Topology, Heldermann Verlag, Berlin, 1989.

2. Ker-1 Ko  Complexity Theory of Real unctions, Birkhauser, Berlin, 1991.

10.
11.
12.
13.
14.

15.

16.

17.

Ch. Kreitz & K. Weihrauch  Theory of representations, Theoret. Comput. Sci.
38(1985), 35-53.

Ch. Kreitz & K. Weihrauch  Compactness in constructive analysis, Annals of
Pure and Applied Logic 36(1987), 29-38.

B. A. Kushner  Lectures on Constructive Mathematical Analysis. Translations of
Mathematical Monographs, Vol. 60, Amer. Math. Soc. 1985.

E. Michael  Continuous selections I, Ann. of Math. 63(1956), no. 2, 361-382.

M. Pour-El & J. Richards Computability in Analysis and Physics. Springer-
Verlag, Berlin, Heidelberg, 1989.

D. Repovs & P. V. Semenov  An application of the theory of selections in analysis.
in Proc. Int. Conf. Topol. (Trieste, 1993), G. Gentili, Ed., Rent. Ist. Mat. Univ.
Trieste 25(1993), 441-446. Abstract in Abstr. Amer. Math. Soc. 14(1993), 393, No.
93T-54-66.

H. Jr. Rogers Theory of Recursive Functions and Fffective Computability.
McGraw-Hill Book Company, 1967

W. Rudin  Real and Complex Analysis. McGraw-Hill Book Company, 1974.

K. Weihrauch  Type-2 recursion theory. Theoret. Comput. Sci. 38(1985), 17-33.
K. Weihrauch ~ Computability. EATCS Monographs on Theoretical Computer Se-
cience Vol. 9, Springer-Verlag, Berlin, Heidelberg, 1987.

K. Weihrauch ~ Computability on computable metric spaces. Theoret. Compudt.
Sei. 113(1993), 191-210.

K. Wethrauch  Effektive Analysis. Lecture Notes for Corresponding Course, Fern-
Universitat Hagen, 1994.

K. Weihrauch A foundation of computable analysis. Computability and Com-
plezity in Analysis, pp25—40, Informatik-Berichte Nr. 190, FernUniversitat Hagen,
1995

K. Weihrauch & Ch. Kreitz  Representations of the real numbers and of the open
subsets of the real numbers, Annals of Pure and Applied Logic 35(1987), 247-260.
K. Weihrauch & X. Zheng  Computability on continuous, lower semi-continuous
and upper semi-continuous real functions. COCOON’97. Shanghai, China, August
1997.

This article was processed using the IATpX macro package with LLNCS style



