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Abstract. In this paper we extend computability theory to the spaces
of continuous, upper and lower semi-continuous real functions. We ap-
ply the framework of TTFE, Type-2 Theory of Effectivity, where not only
computable objects bul also computable functions on the spaces can be
considered. First some basic facts about TTE are summarized. For each
of the function spaces, we introduce several natural representations based
on different intiuitive concepts of “effectivity” and prove their equiva-
lence. Computability of several operations on the function spaces is in-
vestigated, among others limits, mappings to open sets, images of com-
pact sets and preimages of open sets, marimum and minimum values.
The positive results usually show computability in all arguments, negative
results usually express non-continuity. Several of the problems have com-
putable but not extensional solutions. Since computable functions map
computable elements to computable elements, many previously known re-
sults on computability are obtained as simple corollaries.

1 Preliminaries

By f:C€ A — B we denote a partial function from A to B. If A = dom(f), we
write f : A — B as usual. Let w be the set of natural numbers and let X be a
finite alphabet which contains 0, 1 and all other symbols we will use later. X* and
2% are the sets of all finite words and all infinite sequences over X, respectively.
More generally, &% will denote X% x X2 x ... Y% for @ = aqas ... a, € {*,w}".
For a word or sequence z, z(i) denotes i-th symbol of z. If z € X*, then |z|
denotes the length of z. For p € X% and n € w, p [n denotes the initial segment
of p of length n, i.e., pIn = p(0)p(1)...p(n — 1). For any z,y € X* and any
p,q € ¥ UXY with p = zyq, x is a prefiz of p (denoted by = < p), y is a subword
of p (denoted by y C p) and ¢ is a suffiz of p (denoted by p > q).

We assume that the reader is familiar with computability on w and X* which
is the topic of classical computability theory (see [9, 13]). We call an infinite



sequence p € X% computable, iff there is a computable function f :C ¥* — ¥*
such that f(0%) = p(i) for all i € w.
In the following, we introduce some facts from TTE [1 ].
lassical recursion theory or computability theory discuss computability of
functions on w or X* by, e.g., Turing machines. In TTE, computability for func-
tions f:C 1 X--+x ,— with ... € {X* X%} is defined by Type-
Turing machines (TT-machines for short), which are Turing machines with fi-
nite or one-way infinite input and output tapes. iven a TT-machine and
any input ¢ € X* U ¥% which is written on the input tape, € X* is the result
of the computation, i.e., # = (q) iff the machine halts with = written on the
output tape and p € X% is the result of the computation, i.e., p =  (q) iff
the machine computes forever writing p on the output tape. ote, that the type
(finite or infinite) for each input and output tape must be defined in advance for
each TT-machine . The function computed by a TT-machine i1s denoted
by f . TTE uses also some basic notations and facts from topology (see e.g.
[ 1). We shall consider the discrete topology := {A: A C £*} on Z* and
the antor topology = {4AX% : A C Z*} on X%. The set {zX% : 2z € *}
is a base of . s a fundamental property, every function computed by a TT-
machine is continuous. This is the mathematical way of e pressing, that for any
TT-machine any finite portion of the output depends only on finite portions of
the inputs.  set C X% is called recurs el e umerable (r.e. in short), iff
= AXY for some r.e. set A C X*.
From classical computability theory we now, that there is an admissible
odel numbering for the computable functions f :C w — w satisfying the
utm-theorem and the smn-theorem [9, 13]. For continuous functions from X*
to X* or X there are representations with similar properties [1 |, 13]: onsider
a € {*,w}. There are a set “® of continuous functions f :C X¥* — X* and a
total function “? from X onto “? with the following properties:

Every continuous function f:C X* — ¥? has an e tension in “*

The function :C %% — X¢ defined by (p,q):= “?(p)(¢) is computable
(the utm-theorem)

For any computable function :C X¥*“ — X? there is a computable func-
tion : XY — X% such that (p,q) = “*( (p))(¢) (the smn-theorem for
computable functions)

For any continuous function :C X¥% — X% there is a continuous func-
tion : XY — X% such that (p,q) = “*( (p))(¢) (the smn-theorem for
continuous functions).

In TTE, machines transform names of abstract ob ects, where names
are words # € X* or infinite sequences p € X%, am s stem of a set is
either a otat 0 , 1.e. a sur ective function :C X* — | or a represe tat o
i.e. a sur ective function :C X* — . amig systems can be compared by
reducibilities. The computability and continuity are transferred from X* and
X¥ to by means of naming systems as follows:



onsider naming systems : X% — and Y — , an
element z € | a subset C , a partial function f :C — and a
relation C X . Then define:

1. (1 reduc ble) or (reduc ble), iff there is a continuous or com-
putable function :C X% — X | respectively, such that (p) =  (p) for all
p € dom( ) (we shall say  translates to
. iff and iff and
3.z € is called -computable, iff (p) = x for some computable p € X°
C  iscalled -ope or -re,iff ()= dom( ) for some open

or r.e., respectively, subset  of X°

. = is called ( , )-co t wousor ( , )-computable, iff there is
a continuous or computable function :C X* — ¥ | respectively, such that
f(p) = (p) for all p €  'dom(f) (we shall say encodes f w.r.t.
(. )

C X is called ( , )-co t wousor ( , )-computable, iff there is a
continuous or computable function :C X% — X | respectively, such that
( (p), (p)) € whenever (p)isin the first pro ection of

c oce u cto forthe relation is a function :C — , such that
(z, (z)) € for all z in the first pro ection of

The definition can be e tended easily from to 1x---x . Two naming
systems induce the same computability (continuity) theory on a set, iff they are
equivalent (t-equivalent). For countable sets we shall usually consider standard
notations, which are often called effective (for a discussion see [ , 13,1 ]). In
particular, let :C XY* — 1 be a notation of the rational numbers by pairs of
integers in binary notation, abbreviation: := (). We assume that and
are not in  for € dom( ).

For many uncountable sets | the representations derived from information
structures [l ] are of particular importance.

n  ormat o structure is a triple ( , , ), where is a set
with at most continuum cardinality, 1is a countable subset of of atomic
properties which identifies points (i.e. {A € :z€ A} ={Aec :ye€ A} =
z =y forany z,y € ), and is a notation of . The sta dard represe tat o

:C XY —  of ( , , )is defined by

(p) =z pP= 1 ... {iriewt={ z€e ()}

The representations which are -equivalent to the standard representation are
called adm ss ble. Let be the smallest topology on containing  (as a

subbase).

Informally, a computer (Turing machine) manipulates -names of atomic
properties. s a name of an ob ect z € we consider any infinite list of all
() properties A €  which hold for z. In the following we assume tacidly, that

is not a symbol in  for € ( ). Every finite prefi of a -name p of



z contains only finitely many atomic properties of z which appro imate =.
Mathematically, this ind of appro imation is described by the topology
ince identifies points, it is a topology [ ]. omputability on  and via
on arefi ed by the notation , which e presses how atomic properties can be
handled concretely. Thus for any information structure ( , , ), characterizes
appro imation and computability on
The topology  and the standard representation  are closely related: A €
Ais -open,i.e. !(A)isopen in dom( ), forall A C . That is,
is the final topology of . Where the fi al topolo of  1s a topology of
defined by :={AC : '(A)isopenindom( )}.
ecall that for the topological spaces ( , ) and ( , ) a possibly partial
function f:C  —  is called ( , )-continuous, iffforall A € | f (A)=
A (f) for some A € . s usual, we shall say continuous for short, if
and  are obvious. The topological continuity and continuity with respect to
the naming systems are connected in the best way by the following theorem.

et( , ,)ad( , , )be ormato siructures a d t e sta dard
represe tato s a d a d t efi al topolo es o a d respect el
wcto f:C — s(, )ecot wous f s( , )co i uous

To discuss the effectivity related to the real numbers we shall need three

representations ,  and of the real numbers[13,1 ]. ere we introduce them
by information structures (I , , ), (I, , )and (I, , ), respectively,
as follows: z € () r ze () zandz e ()
( = x ). We obtain:

(p)=2z pis alist of all € dom( ) with z,

(p)==z pisalist of all € dom( ) with x,

(p)=2z pis a list of all with , € dom( ) and x

It is easy to see that their corresponding final topologies are = {(y ) :

yel Jud{l }, ={(- y) :yel }Uu{l} and (the usual real line

topology), respectively. otice, that we obtain equivalent representations, if not
all but only su ciently many rational bounds are listed by names. For their
properties, we state without proofs :

; and  ( ). (1)

In this paper let " be some standard notation of the set n (n) of all open
n-dimensional cubes from I ™ with edges parallel to the coordinate a es and
with rational vertices. For short, we write for ! and for ( ). For every
open subset let ()= beits closure.

We introduce a representation of the set of open subsets of I ™ via an infor-

mation structure and a second one e plicitly



For n € w,n = 0, define a representation " of the set " of

open subsets of I " via the information structure ( ", , ), where is defined
by: e () " . efine a representation " of the set
e plicitlyby " (p)= { " : C p} forallp € ¥ such that ( Cp—
€ dom( ")).
Thus " (p) = ,iff pis a list of all () closed rational cubes contained in
,and " (p) = if p is a list of open cubes which e haust . These two

representations are equivalent. The " -computable open sets have been called
re-open [ , 1 13, |1 10, 3].

We introduce two representations and of the set (I ) of compact sub-
sets of T by information structures ( (I ), , )and ( (I), , ), respec-
tively, as follows. Let  be some standard notation of the set of finite subsets of

n (1). Then, (see [, ,11])
Ae () AC (), and
Ae () Ac () e (A =)

Thus, (p)= A and (q) = A iff p enumerates all finite covers of A by rational
open intervals and ¢ enumerates all finite covers of A by rational open intervals
which intersect A.

For any functions f, :C — 1 |, we will use the following conventions:
f (or f ) means (f) = ()and z € (NH(f(2) (z)) (or
z € dom(f)(f(x)  (x))) y f()means z € Ny f(z)) for

any interval C1 .

e resen al ns e n 1n a es

For operating on function spaces effectively, we introduce representations of
them. In this section we define several representations of spaces of continuous
and semi-continuous real functions and study the reducibility properties between
them.

Let ( , ) be a topological space.  function f :C — 1
is called co t wous lower sem co t wuous (l.s.c.) or upper sem co { uous

(us.c.), iff it is ( , )-continuous, ( , )-continuous or ( , )-continuous, re-
spectively. By ( ), L. ( ) and () we denote the set of continuous,
l.s.c. and u.s.c. total functions f: — 1 | respectively.

For the classical theory of continuous and semi-continuous functions the
reader should consult some te thoo (e.g. [1]). In this paper we shall study
mainly the cases =1 and = [0 1]. For obtaining natural representations,
we derive them from information structures. The ne t definition gives the first

ind of such representations which are deduced directly from the above defini-
tions of the real continuous and semi-continuous functions.



Information structures ( (T ), , ), (L (I), , )and

( (T), , ) aredefined by their notations as follows:
Lfe () (= andf()C ),
fe () (= andf(_) )
3.fe () (= —andf(C ) )
Let ,and  be the derived standard representations, and , and
be the derived topologies respectively.
e sets a d de t po ts tese seo efi to
The topologies , and are the compact-open topologies associated
with the corresponding topologieson T (see []). (I ), L (T )and (1)
are three different sets with (I ) =1L (T) (T ). The fully effective
versions of these properties are e pressed by the reducibility relations between
the three rerpresentations , and  in the following theorem.
a d

ere s a computable u cto C YUY — XY suc t at po)=1f
p)=fad (=F

ora represe tat o

et ad beteresircto so ad to (I) respect el e
ad
It can be shown that a function f is ( or )-computableiffitis( , )
((, )or(, ))-computable. We obtain this from the more general theorem

below. First, we introduce a general method for defining natural representations
of function spaces.

For representations :C ¥ — | :C X% — and a set
C define the representation [ - ] of the set () of (, )-continuous
functions : — by:[- ] (p)= ,iff ““(p) encodes w.rt.(, ).

By the ne t general theorem, the representation [ - ] is complete under
the reductions and  in the set of all representations  of the subsets of ()
for which the app y function (f,z) — f(z)is( , , )-computable and ( , , )-
continuous, respectively. oughly spea ing, [ - ] is the poorest representation
of (), for which the app y-function becomes computable.

et be a represe tat o o a subseto ( )1 e

[ ] (f,z) = f(z) s(,, ) computable
[ ] (fzg)—=f(z) s(,, ) cot uous

If a representation of a space of functions between represented sets shall be
used mainly for computing function values f(z) for inputs z, then the above rep-
resentation (or any equivalent one) is the canonical choice. The representations
of (T),L (T )and (T ) derived from information structures in  efini-

tion are pairwise equivalent to those derived from continuity w.r.t. and

bl



I N

By a well- nown theorem (see e.g. [ ]), a function f: 1T — T is lLs.c. iff
its epigraph epi(f) := {(z,a) € T % :a  f(x)} is open. For a fully effective
characterization of this definition we use the representation of the set of open
subsets of I % defined in ection 1.

efi e a represe tat o oL (TI)5b
(p)=f ? (p) = epi(f).

€ we a e

By symmetry, a corresponding theorem can be proved for u.s.c. real func-
tions and, as a corollary, also for cographs, i.e. the complements of graphs, of
continuous real functions.

The above definitions and theorems can be transferred without di culties
from real functions with domain T to real functions with domain [0 1]. For
technical reasons, we define [0 1] := {f :C T — T : f continuous and

(f)y =[01]}, and L [0 1] and [0 1] correspondingly. We shall de-

note the corresponding representations by an additional superscript * ,i.e. we

* * *

, ete..

have representations
We introduce further useful representations based on uniform appro imation
by polygon functions. Let be the set of polygon functions on [0 1] with
rational vertices, and let p be some standard notation of this set such that
and arenotin if € dom(p ). ntheset [0 1] we consider the ma imum
metric defined by (f, ) := ma {|f(z) — ()| : « € [0 1]}. The set of
rational polygons is dense in the metric space ( [0 1], ). By a classic theorem
of Baire, f € L. () iff there is a sequence {fy}n o of functions from ( )
such that z € (f(z) = sup, fa(z)). We use these facts for introducing further
representations for our function spaces by means of information structures.

Information structures ( [0 1], , ), (L [0 1], , )and
( [0 1], , ) are defined by their notations as follows:
1. fe () ( = and p f p ),
~fe () I
3.f€ () r
Let | and be the derived standard representations, respectively.

gain, these representations are pairwise equivalent to those defined above.
[ 1.+ 7 [ T - [ T+ -

nother useful representation of [0 1]is the auchy representation [ , 13]:

efine the auchy representation  of [0 1]by, (p)= fiff

p= 1o n (@ ,p .) ) f=Tlmp .



eralns n e n 1n a es

In this section we study computability of several operations on continuous and
semi-continuous real functions. By the first theorem the function spaces are
closed under appropriate limits. For handling w-ary functions, we introduce a
standard tupling function (B — Z¥ by (p,;, )1 =pl),
where (i, ) — i, is the standard antor pairing function on w. is bi ec-
tive, continuous w.r.t. the w-product of the antor topology and the pro ections

n Of its inverse are computable. For any representation :C X% — we
define its w-power :C £ — @by ¢ (ppr,e-)i=( (p), () ).

e wcto (f,fi,-)—sup; ofi s(%“, ) computable
o teseto upper bou ded se ue ceso u cto s romL (1)
e wcto (f,fr, ) —lim fi s( ¥, ) computable o 1 e set
o auc seue ces {fi}s wo uwctos rom [01lwt (fi,f) i oor
i

The first statement of above theorem holds accordingly for u.s.c.
functions. The second statement can be e pressed as follows: the space [0 1]is
computationally complete. otice, that only fast converging auchy sequences
are considered. The first statement holds for functions on [0 1] accordingly.

If fis l.s.c. and is u.s.c. such that f, then f for some
continuous function  (Tong [11]). The ne t theorem is a computational version
of this fact. Essentially, it states that the relation B := {(f, , ) e L (I ) x

T)x (I): fyis( *, *, * )-computable but hasno ( *, *, *)-
continuous choice function.

ere s a computable u cto C @Y — XY osuc 1t oat

@) 7 (g () weeer (g (p) addio  (g)(=)

* (pg)(z) *(p)(x) we eer *(q)(x) *(p)(z) owe er tere s o

(*, % *)cot uwous u cto CL (I)x T)— (I) suc t at
(f, ) f weeer f

: The first statement of Theorem 1 becomes false, if we e change

l.s.c. and u.s.c..
set A C T 1is open, iff its characteristic function isin L (T),iff
A=f Y50 )forsome felL (1) iff A=f 20 )forsomefe (I).

The following theorem is an effective version of these facts.

0 s( , ) computable
Yo L (1) s( , ) computable

e wucto f—f 10 )

ewcto f—f Y0 Yo (1) s( , ) computable

e relat o ={(Af) € x (I)Yy:A=fY )} s(, )
computable

e relat o 0 as o( , )cot uousc oce u cto : —

(1) (w ¢ measA=( (A) (0 )



For any continuous function f : T — I | f *( ) is open, whenever s
open. The following theorem is an effective version.

e wcto (fa)—f Ya ) s( , , ) computable or
FeEL (T)adacl
e wcto (f, Y—=f Y ) s( , , )computable or f € (1)
a dope set €

art 1 of Theorem 19 holds accordingly for upper semi-continuous functions.

For any function f € (I ), f(A) is compact, whenever A is compact. For

any l.s.c. function f: T — T , min f(A) e ists for any compact set A CT . To

formulate these facts uniformly and effectively we use the representations and
defined in ection 1. The following theorem is from [ ].

e wcto (f,A) — f(A) s ( , , ) computable a d
( , , ) computable or f€ (I )a dcompact ACI
em mum u cto (f,A) = minf(4) orfelL (1)
a d compact set A s( , , ) compuiable
e supremum u cto (f,A) —supf(A) orfeL (I )a dope set
A s( , , ) computable
e uwcto (f,A)—minf(A) orfe (I )a dcompactset ACT s
( . , ) computablea d( , , ) computable

The first two statements of Theorem 1 hold accordingly for u.s.c. functions,
the third statement holds accordingly for the ma imum.

m a i1

emember that an ob ect is called -computable, iff it has a computable -name.
In particular, for computable real functions we obtain:

weto f:1 —1 s computable computable or
computable t s(, ) computable ( , ) computable or ( , ) computable
respect el

Especially, we shall call a function f : T — T lower (upper) sem computable
iff 1t 1s ( )-computable. From the discussions above we now that lower
(upper) semi computabilities are the natural effectivizations of lower (upper)
semi continuities.

e and erode [3] suggested another effectivization of lower semi continuity.
They called a -upperbounded function f : [0 1] — I recursively lower semi
continuous (r.l.s.c. in short) if the set  (f) :=={( ,a) €T 2: f( ) a }is
a recursive closed set in the sense of ichards and Zhou [10], where s afi ed
natural number. That is, f is r.l.s.c. iff there is a recursive sequence { ,}n w
of real points in I x T such that nlim ( (f), n) =0 effectively, where is



the ausdorf metric (¢f [ ])and , ={ , 1,..., n}foralln €w. It is clear
that, if f is r.l.s.c., then f is lower semi continuous.

The ne t theorem shows that, even for nontrivial case, the concept of r.l.s.c.
is strictly stronger than the lower semi computability.

teuwcto f:[01]—=T1 srlsc te f s lowersem
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