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Abstract

We compare the weak completeness notions for E
in the sense of Lutz’s resource-bounded measure the-
ory [11] with respect to the standard polynomial time
reductbilities. Qur results parallel results for classi-
cal completeness by Watanabe [17] and others. We
show that the weak completeness notions for I-query
reductions coincide: A set is weakly complete for E
under 1-truth-table reducibility iff it is weakly com-
plete for length-increasing one-one reducibility. For
most of the other polynomial reducibilities, however,
we obtain separations of the weak completeness no-
tions where these reducibilities differ on E (Ladner el
al. [10]). In fact our separations simultaneously hold
for the corresponding weak completeness notions for
E and E,, for the classical completeness notions, and
for the weak completeness notions in the sense of the
resource-bounded Baire category concepts of Ambos-

Spies et al. [2] and Ambos-Spies [1].

1 Introduction

Lutz [11] introduced a resource-bounded measure
theory and he showed that the polynomial-time case
allows a quantitative analysis of the complexity class
E = DTIME(2"") of the exponential time sets. He
proposed an interesting extension of the fundamen-
tal concept of completeness, called weak completeness.
For any polynomial-time reducibility <? aset A € E
is weakly p-r-complete for E if p,(P,(A)NE) # 0, i.e,,
if the class of <F-predecessors of A in E is nonnegli-
gible in the sense that it has nonzero measure in E.
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Obviously, any p-r-complete set for E is also weakly p-
r-complete for E and many interesting properties are
shared by both concepts (see Juedes and Lutz [8]).

As also shown by Lutz [12], however, there are
weakly p-m-complete sets for E which are not p-m-
complete for E. In fact, Ambos-Spies et al. [4] have
shown that the class of weakly p-m-complete sets has
measure 1 in E whereas the class of p-m-complete sets
has measure 0 in E (Mayordomo [13]). So weakly com-
plete sets are abundant whereas complete sets are very
rare.

he previous investigations in weak completeness
focussed on the case of p-m-reducibility. Here we will
also consider the other standard polynomial time re-
ducibilities and we will compare the corresponding
weak completeness concepts. Starting point for these
investigations is the fundamental paper of Ladner,
Lynch and Selman [10], where separations for the most
popular p-reducibilities in E are proved. In particular,
there are separations of the adaptive uring (7') and
the nonadaptive truth-table ()-reducibilities, and of
special cases of the latter like the bounded query re-
ductions (k tt ( 1) ) and reductions with par-
ticular evaluation schemes, like the dis unctive ( ) and
con unctive () reducibilities.

Ladner et al. [10] raised the question of whether
corresponding separations can be proved for the cor-
responding completeness notions for E. For reducibili-
ties allowing at least two queries this question has been
answered a rmatively by atanabe [1 ]. For single-
query reductions, however, the corresponding com-
pleteness notions collapse y erman [ ], every p-
many-one complete set for E is already p-one-one com-
plete under length increasing reductions, and Homer
et al. [ ] proved the equivalence of p-m-completeness
and p-1- -completeness. Here we obtain the corre-
sponding results for the weak completeness notions
thereby answering a question of uhrman and oren-
vliet [ ]. Our collapse results for the 1-query reduc-
tions are based on incompressibility properties of the
random sets while known biimmunity properties of the



resource-bounded random sets (Mayordomo [13]) will
be the basis for the separation results o separate
weak p-r-completeness from weak p-r -completeness
for some reducibilities <F and < such that < does
not imply <P, we construct a p-r-complete set A for E
such that no < -predecessor of A will be biimmune for
a certain  xed level DTTM F(2 ™) of the exponential
hierarchy, whence p,(P, (4)) = 0. So A is not only
a witness for the separation of weak p-r-completeness
and weak p-r -completeness, but also a witness for the
separation of the corresponding classical completeness
notions, whence our results also imply atanabe s
separation results. Moreover, for the genericity con-
cept of Ambos-Spies et al. [2] and the stronger gener-
icity concepts of Ambos-Spies [1], corresponding biim-
munity properties have been proved in [3]. So the set
A above will also witness the separation of weak p-r-
completeness and weak p-r -completeness in the sense
of the aire categories concepts on E corresponding
to these genericity notions (see Ambos-Spies [1] for
de nitions).

avid Martin (in a personal communication) has
pointed out that atanabe s separation of <F and
<P_completeness in E [I ] can be used to separate
<P_completeness and weak <P-completeness.

he outline of the paper is as follows. In Section 2
we shortly review the polynomial reducibilities consid-
ered in this paper. A short account of Lutz s resource-
bounded measure theory is given in Section 3. Section
4 contains the collapse results for single query reduc-
tions while Sections and contain the separation re-
sults for the bounded query and the unbounded query
reducibilities, respectively. Finally in Section we dis-
cuss variations of our results for resource-bounded cat-
egory and state some open problems.

duci 1 1iti

Here we shortly review the reducibilities discussed
in this paper. For more details see e.g. Ladner et al.
[10] or atanabe [1 ]. Since we only consider deter-
ministic polynomial-time bounded (p-) reducibilities,
p- uring-(p-T-) reducibility is the most general con-
cept discussed here A set A is p-T-reducible to a set

(A <P ) if there is a deterministic, polynomial-
time bounded oracle uring machine M which accepts
A with oracle (In our notation we do not distin-
guish between a machine and the set accepted by it
and between a set and its characteristic function. So
A<P viaMi A()=M () for all strings .)

ote that, for the set of queries asked by M with
oracle  on input <p( )and <p( )

for all € , where p is a polynomial time bound of
M. e query sets may depend on the oracle
however, so that in general

is only bounded by 27 In a nonadaptive p-T-
reduction, called a p-truth-table (p- )reduction (<F),
the queries do not depend on the oracle, i.e., for any
oracle  and any string = . Special types
of p- -reductions with particular evaluation functions
are the dis unctive ( ) and con unctive () reducibili-

ties A<PF (A<P )viaMifA=M and M is
a p- -reduction such that, for any oracle  and any
input , €M i N # ( ).

ote that, for any sets A and
(21) AP (AP ) ALP A<P

and, as shown by Ladner et al. [10], in general no other
implications hold among these reducibilities.

For any p-r-reducibility we can de ne bounded ver-
sions by bounding the number of queries For any
function , we say that A is p- ( )-r-
(A <P, , )ifa<?
chine M such that, for any oracle and any input

. < (). In particular, for constant , say
( ) = , we obtain the bounded query reducibilities
<P (p- -r), and we say that A is bounded p-r (p-
r) reducible to (A <P )if A<P = for some
1(re T ). ounded truth-table reduc-
tions can be also characterized in terms of selection
functions ( ) and an evaluation function ( )
A <P 1 there are polynomial-time computable

reducible to via a ma-

functions . and
such that for any input |

A= C - C O

An important special case of the  -reductions are the
single-query reductions A set A is p-many-one (p-m)
reducible to (A <P ) if there is a polynomial-
time computable function such that A( )= ( ()
for all If, moreover, is one-to-one [and length
increasing] then A is p-one-one (p-1) [p-1- ] reducible
to (A<P [A<P , 1. herelations among the
1-query-reducibilities are as follows For any sets A,

)

AP, A<P A<F
(2.2) A<P A<P A<FP
A<P AP A<P

and, in general no other implications hold (see Ladner
et al. [10]). For the other bounded query reductions,
the following implications hold for any sets A, and
for 2and r € T



(2. ) A< A<k,
A<k, A<k

(2.)

(2.) A<F A<
AP (AP ) AaLP

AP A<P

(2. )

Again no other implications hold as shown, explic-
itly or implicitly, by Ladner at al. [10]. For any of the
above reducibility notions we can de ne corresponding
completeness concepts. Let P,(A) = <P A

hen A is p-r-complete for a class if A € and
P.(A). Here we consider p-r-completeness only
for E = DTIME(2"") and E; = DTIME(2? '),
which 1s almost the same For A € E, A is p-r-
complete for E1 A is p-r-complete for E5.  atanabe
[1 ] proved that for the above p-reducibilities allowing
at least two queries, nonequivalent reducibilities also
give rise to di erent completeness concepts.  his is
contrasted by results of erman [ ] and Homer et al.
[ ] which together imply that all types of 1-query re-
ducibilities yield the same completeness concepts for
E (E;), namely a set A is p-1- -complete for E (E5)
i Ais p-1-T-complete for E (E5).

Finally it 1s worth to note that for any of the

above p-r-reducibilities there is an e ective enumer-

ation M 0 of all p-r-reductions such that,
for with M () can be computed relative
to in2 steps (uniformlyin , , ). In the follow-

ing we call such an enumeration shortly an exponential
time enumeration of the p-r-reductions.

ur on

In1 3 ille [l ] introduced martingales as a tool
for characterizing measure 0 sets. In the early 0s
Schnorr [14], [1 ] de ned concepts of randomness
based on computable martingales, and he also consid-
ered resource-bounded versions of these notions. e-
cently, Lutz [11] extended these to a resource-bounded
measure theory.

( ille[1 ], Schnorr [14], [1 ] and Lutz
[11])

A martingale s a function , where
1s the set of nonnegative reals, such that

€ ((0) ( 1)=2 ()). A martingale
dsucceeds on aset Aif m p, (A )= .
( ere , is the n-th string under the standard or-
dering and A ., is the characteristic string of
AN n -) [ ] denotes the class of
all sets on which the martingale d succeeds.

A martingale s computable if the range of
d is contained in , where 1s the set of
nonnegative rationals, and 1s recursiwe. A
( )-martingale is a computable martingale €

DTIME( () .

A set A is ( )-random if no ( )-martingale
succeeds on A.

A class  has ( )-measure 0, (u , ( )=0)f
there is @ ( )-martingale such that IR
has ( )measure I (u ,( )=1)if  has

( )-measure 0.

A p-martingale is a ( )-martingale for some
polynomial . p-randomness and p-measure (i)
are de ned correspondingly.

As observed by Lutz [11], this polynomial-time
measure allows the de nition of a measure on E.

has m r
r 1inE

(Lutz [11]) A class
0Oin E if uyp( NE)=0, and  hasm
if  has measure 0 in E.

y Lutz [11], up,(E) # 0, whence this de nition is
consistent. Lutz s generalization of the classical com-
pleteness concept for any p-r-reducibility from Section
2 1s as follows

(Lutz [12]) A set A is weakly p-r-
complete for E if p,(P.(A) N E)#0, i.e., if P.(A)

does not have measure 0 in E.

Since p,(E) # 0, any p-r-complete set for E is also
weakly p-r-complete for E.

P (Lutz [12]) wery p-r-complete set
for E 1is also weakly p-r-complete for E.

As Lutz [12] has also shown, however, there are
weakly p-m-complete sets for E which are not p-m-
complete for E. In fact, as shown by Ambos-Spies
et al. [4], the class of weakly p-m-complete sets has
measure 1 in E whereas, by a result of Mayordomo
[13], the class of the p-m-complete sets has measure 0
in E.



(Lutz [12], Ambos-Spies et al. [4],
Mayordomo [13]) ke class of the weakly p-m-complete
sets for E has measure 1 in E whereas the class of p-
m-complete sets for E has measure 0 in E. So, in
particular, there i1s a weakly p-m-complete set for E
which is not p-m-complete for E.

ote that, for any p-reducibilities <’ and <F such
that <P implies <P, any weakly p-r-complete set is
also weakly p-r -complete. In the following, we will
tacitly use this simple fact. Moreover, we will use
the following characterization of p-measure 0 classes

in terms of randomness.

P (Ambos-Spies et al. [4]) A class
has p-measure 0 (measure 0 in E) iff, for some 1,
there is no  -random set in  ( NE).  ence A is
weakly p-r-complete for E off , for all 1, there s
an  -random set in P.(A)NE.

In fact, Ambos-Spies et al. [4] have shown that, in
roposition 3. , can be xed as = 2 (but this
stronger result will not be used in the following). he
only nontrivial results on the p-measure required for
our investigations are the observations by Mayordomo
and Juedes and Lutz that the classes of certain biim-
mune and incompressible sets have p-measure 1. e
state these results in terms of random sets and, for the
sake of completeness, we sketch the proofs.

(Mayordomo [13]) For 1, of A
is -random, then A is DTIME(2 ")-biimmune,
i.e.,there is no in nite set € DTIMFE(2 ™) such
that AN € DTIME(2 ™).

P For a contradiction assume that is in -
nite and , AN € DTIME(2 ™). e ne a martin-
gale by letting ()=1 (( )0)= (( )1)=

( )for € and (( )A(p=2( )
and (( 1 A()) =0for € . hen s
an -martingale and  succeeds on A. So A is not

-random contrary to assumption.

(Juedes and Lutz [8]) Let A be -
random ( 1).  hen A is not compressible un-
der DTIM E(2 ")-many-one reductions, i.e., for any
€ DTIME(2 ™) such that
1s almost one-to-one.

set  and any function
AL via

?

P For a contradiction assume that A <
via where € DTIMFE(2 ™) and

(1) ()= (0)

hen de ne a martingale by letting () = 1
( 0= (( M= ( )it ()# ()
for all and (( Yy () =2 ( ) and
(( )1 ( ))) = 0 otherwise, where  is the
least string with ()= (). hen isan
-martingale. Moreover, since A < via

implies that A( ) = A( ) for any strings with
()= (), it follows from (3.1) that succeeds on
A. So A is not -random which contradicts the
assumption.

e conclude with some remarks on Lutz s measure
on E5. Lutz observed that the ps-measure, where po
means the functions 2/ " for some 0, de nes a
consistent measure on E5. Since the development of
the measure on Es parallels the one of the measure
on E, we do not introduce this concept here explicitly
and refer the reader to Lutz [11] and to Juedes and
Lutz [ ] for a discussion of the relations on the weak
completeness concepts between E and Es, where the
following proposition is implicitly shown.

P very weakly p-m-complete set for
E is weakly p-m-complete for By, If <P implies <F
then every weakly p-r complete set for E is weakly p-r
complete for E,.

Here we will use the following simple criterion for
the failure of weak completeness in E and Es in the
style of roposition 3. .

P Assume that, for some 1,
P,.(A) does not contain any  -random set. hen A
1s netther weakly p-r-complete for E nor weakly p-r-
complete for Eq.

in ur duction

For any set A, A 1s weakly p-1- -
complete for E iff A s weakly p-m-complete for E.

For the proof of the theorem we need the following
lemma.

Let A€ DTIME(2 ")(

be an  -random set ( ) such that

1) and let
eP (A)NE.

here is an  -random set €P ;(A)NE.
P Fix suchthat <P Avia e claim that
there is a number such that

( #

(1) () ()% ()



o show this, x € Aand € A and de ne by

letting

() if ()

()= if () < ()eA

if () < ()eA
hen < A vwvia and, by choice of and A, €
DTIME(2 ™). So, by Lemma 3.8, isalmost 1 1.
It follows that () = () (hence () ) for

almost all x, whence 1s almost 1 1 too. Obviously

this implies (4.1).

ow de ne as follows. For  with let
()= (), and for the m-th string of length
let ()= A( ) where is the m-th string
of length (0 <m 2"). hen isa nite variant
of whence € E and is -random. Moreover,
<P Avia where ( )= form 2" and
()= () for with
P Fix A€ E. y Lemma
4.2 there i1s a number  such that for all ,
P (A)NE contains an -randomseti P ;(A)NE

contains an -random set. So the claim follows from
roposition 3. .

For any set A, A is weakly p-1- -
complete for E iff A is weakly p-m-complete for E.

For the proof of the theorem we need the following
two observations.

P Let A, be sets such that €
P (A here is a set € P such that, for

=(n ) (n) €P (A
P Fix a p-1- -reduction ( ) from to A, i.e.,
and are polynomial-

time computable and, for every string |

( ACC)).  hen, for = (o0 1,

€ P and, as one can easily check,

Let ,  be sets such that — 1s -
random ( 2)and €P. hen( N ) ( N )
ts  -random.

P Let =( n ) ( N )and,fora contradic-

tion, assume that there is an  -martingale which
succeeds on onsider the function
which maps every string  to the string ( ) with

= ()and ()) = () for ; € and

()) =1 ()for v € (0< )
hen is Z-computable and ( ) = for all
So, for de med by ()= (()), it is easy

to check that 1is a martingale, 1is -computable,
and  ( )= ), whence  succeeds on . Tt
follows that  is not -random contrary to assump-
tion.

P Fix A € E and 2

hen, by roposition 4.4 and Lemma4. |, P
contains an

(A)NE
-random set i P (A)NE contains an
-random set. So the claim follows from roposition

For any set A, A s weakly p-1- -
complete for E iff A is weakly p-1-T-complete for E.

P Since <P and <P
from heorems 4.1 and 4.3.

coincide, this follows

y straightforward modi cations of the above ar-
guments, we obtain the corresponding results for weak
completeness for E,.

ound d ur duction

Let 1.

(.1) Aisp-( 1)- -complete for E (hence weakly
p-( 1)- -complete for E and E5) and

here s a set A such that

( .2) A s neither weakly p- -T-complete for E nor
weakly p- -T-complete for Es.

ote that heorem .1 gives a very strong sep-
aration for ( 1)-query reductions and -query-
reductions. It simultaneously separates the corre-

sponding completeness and weak completeness no-
tions and it works for both adaptive and nonadap-
tive queries. Also note that the dis unctive reduction
in (.1) can be replaced by a corresponding con unc-
tive reduction, since the complement of a p-( 1)-
-complete set is p-( 1)- -complete whereas weak
p- -T-completeness is invariant under complementa-
tion.
he proof of heorem .1 is based on the following
lemma.

Let 1. here 1s a set A €
DTIME(2?") such that ( .1) holds and
(.) P (AN IIMM E@2™)= ,
where IIMM  E(2?") denotes the class of all

DTIM E(2?")-biimmune sets.



efore we prove this lemma, we show how it implies
the theorem.

P Fix A as in Lemma .2.
It su ces to show that ( .2) holds. y ( .3) and by
Lemma3. ;P (A) does not contain any -random
set. So ( .2) follows from roposition 3.10.

P e inductively de ne a set A
with the desired properties. Let F be a p-m-complete
set for E with £ € DTTMFE(2").  hen, to make A
p-( 1)- -complete for E, it su ces to ensure that

(.) ( €E < (01 e A))

Since strings will be put into A only in order to satisfy

( .4), we will have
(.) A 01 < eEF .

he strategy for satisfying ( .3) is as follows. Let

M 0 be an exponential time enumeration of
the p- -T-reductions. henitsu cestode nein nite
sets epP, 0, such that

(.) NM € DTIME(22").

he basic idea for achieving this is to de ne and A
in such a way that for strings € the only relevant
queries in the computation of M ( ) have length <

, whence, by A € DTTM E(2?"), these queries can
be answered in 22  steps. o make this compatible
with ( .4), the sets are chosen to be very sparse
Let be the iterated exponential function, i.e., (0) =

Oand ( 1)=2 ™ andlet =0 0.
hen, obviously, is in nite and, as one can easily
check, eP.
For the de nition of A, let
A = 01 €A < 0
for 0. ote that, by (. ), A = A . Soit

su ces to inductively de ne the parts A of A. Let
A = and, given A ;de ne A  asfollows Fix |

such that = , let  be the set of the queries
asked by M (0 ), and, for every string , let ()
be the least number < such that 0°1 € . hen

A =4 01 0 < 0 €E

As one can easily check, A € DTTME(2?"). Tt re-
mains to show that ( .4) and ( . ) hold. ow ( .4)
is immediate by de nition of A. For a proof of ( . ),
x , let p be a polynomial-time bound of M , and

X such that p( ) 27 for It su ces
to show that, for , M (0 ™ ) can be com-
puted in (22 ™ ) steps. Let = and let

be the query set of M (0 ™ ). hen, by choice

of | ( 1) for all € | whence, by de ni-
tion of A | no query € A will be put into
A.SoM (0 ™ )=M (0 ™), both computa-

tions have the same query set |, and, for any string

€ nNA, =01 forsome < and with

( ). 'y A € DTIME(2?") this implies

that M (0 ™ ) can be computed in (22 ™)
steps.

y a straightforward modi cation of the above ar-
gument we can separate weak p- -completeness and
weak p- -completeness

here is a set A such that

(.7) A is p- -complete for E (hence weakly p- -
complete for E and Ey) and

(. ) A is neither weakly p- -complete for E nor
weakly p- -complete for E,.

For the notions of classical completeness,
atanabe claims the following result essentially sub-
suming the claims corresponding to heorems .1 and
.3 in this setting For any polynomials p and
such that () p( ) a.e., there exists a p- ( )-
-complete set for E which is not p-p( )- -complete
for E (see [1 ], heorem 3. (2)). In general, however,
this claim is false. For instance, assume that p( ) = |
()= 1 and let A be p- ( )-complete for E. For
any set € E, let ; = € ( =01).
hen ; € E whence ; §Pn A by assumption.
Since, for = , € 1 €
it follows that <P A. Hence p- - -completeness
and p-( 1)- -completeness coincide.

i, and = 1,

nound d uri

In this section we distinguish the weak complete-
ness notions for reducibilities which do not di er in
the number of the admissible queries but in the way
the queries may be selected or evaluated. e rst con-
sider the case of adaptive versus nonadaptive queries.

here is a set A such that

( .1) A is p-T-complete for E (hence weakly p-T-
complete for E and Ey) and

( -2) A is neither weakly p- -complete for E nor
weakly p- -complete for Eq.

y the observations made in Section |, for a proof of
heorem .1 it su ces to prove the following lemma.



here is a set A € DTIME(2 ™) such
that ( .1) holds and

(.) P (4)n

P he pattern of the proofis the same as that
of Lemma .2. Fixsets F and  ( 0) as there and
let M 0 be an exponential time enumeration
of the p- -reductions. hen, to satisfy ( .1) and ( .3),
it su ces to ensure that £ <P A and

IIMM  E2™) =

(.) NM € DTIME2 ™),

respectively. o achieve the former, we ensure that,
for all strings

€E ( = ( <
(.) [ € 4])) , and
( €A € A)

( ote that, by a standard pre x search, ( . ) implies
that £ <P A))

For the de nition of A, let A = A | where
A = < () N A is inductively
de ned as follows Let A = iven =

0 and A , for the de nition of A | let be the
query set of M (0 ) and distinguish the following

two cases. If 2 or 2 for some
€ , then let
A =4 0 0 < 0
el m<
Otherwise, let
A =A 0 < 0 |
0 < 0 er
where  is the least string with = such that
S
hen, as one can easily check, ( . ) is satis ed and
A € DTIME(2 ™). Moreover, for any and

€ A can be decided in 2 steps. For a proof

of (4) x hen, for all su ciently large num-
bers m, the second case applies in the de nition of
A . So it su ces to show that, in this case,
M (0 ) can be computed in (2 )
steps. Let = m and let be the query set

of M (0 ). hen can be computedinp ( ())
steps and, since M 1s a p- -reduction, is the query
set of M (0 ). Henceitsu ces to decide eA
in (2 ) steps for all strings € . So x

e . If 0 then €Al €A,

and , as observed above, the latter can be decided in
(2 ) steps. Otherwise, by case assumption and

by choice of | 0 < 0 and € A

1 z 1s a proper initial segment of . ut can

be computed in p  ( () steps, whence in this case
€ A can be decided inp  ( ()) steps.

y a straightforward modi cation of the above
proof, we can show that, for 2, there is a set
A€ DTIME(2 ™) which is p- -T-complete for E and
such that P, ,_ (A)n IIMM E@2") =
Hence weak p- -T-completeness does not imply weak
p-(2  2)- -completeness (cf. (2. )).

In our nal separation result, we compare dis unc-
tive with con unctive reductions.

here is a set A such that

(. ) Aisp-2- -complete for E (hence weakly p-2-
-complete for E and Eq) and

( .7) A is neither weakly p- -complete for E nor
weakly p- -complete for Es.

ote that for the complement A of a set A as in
heorem .3 we obtain the corresponding result with
the roles of the dis unctive and con unctive reducibil-
ities interchanged. So, for any 2, this gives a
pairwise separation of weak p- - -completeness, weak
p- - -completeness and weak p- - -completeness.
Similar to the previous separation results in this
paper, heorem .3 follows from the following lemma.

here is a set A € DTIME(2 ™) such
that ( . ) holds and

(.) PA) N TIMM EQ2")=
e omit the proof of the lemma which follows the
same pattern as the proofs of Lemmas .2 and .2.

urt r ut nd n ro

esource-bounded aire category concepts provide
another useful tool for the study of the structure of
complexity classes, and weak completeness has been
studied in this setting too (see Ambos-Spies [1] for
details). Since, as shown in [3], the AFH- -generic
sets of Ambos-Spies, Fleischhack and Huwig [2], share
the fundamental properties of the  -random sets used
in this paper (cf. Lemmas 3. and 3.8), the collapse
results of Section 4 can be duplicated in the aire cat-
egory setting induced by this genericity concept and
the separation results of Sections and immediately
carry over to this setting by our technical lemmas. In
fact, for the same reason, our separation results also



hold for the weak completeness notions for stronger

aire category concepts, like the concepts of Ambos-
Spies [1] based on the so called general and extended
genericity concepts.

An interesting question which we did not discuss
in this paper concerns the relations between the cor-
responding completeness and weak completeness no-
tions (in the measure setting in the category set-
ting these questions have been completely answered).
Since Ambos-Spies et al. [4] have shown that, for any

-random set A, A is weakly p-m-complete for E
but not p- -complete for E, it follows from ropo-
sition 3.10 that, for any bounded query reducibility
r, weak p-r-completeness is a proper generalization of
p-r-completeness. As observed by Ambos-Spies (un-
published), by a similar argument, completeness and
weak completeness di er for p- -reducibility and p- -
reducibility too. For the other unbounded query re-
ducibilities, however, the corresponding questions are
still open.
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